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Abstract
In this thesis we prove fundamental analytic results dedicated to a new version
of Seiberg-Witten theory: the cohomotopical Seiberg-Witten theory for a Rie-
mannian, Spinc(4) 4-manifold with periodic ends, (X, g, τ) . Our results show
that, under certain technical assumptions on (X, g, τ), this new version is coher-
ent and leads to Seiberg-Witten type invariants for this new class of 4-manifolds.
First, using Taubes Fredholmness criteria for end-periodic operators on man-
ifolds with periodic ends, we show that, for a Riemannian 4-manifold with pe-
riodic ends (X, g), verifying certain topological conditions, the Laplacian ∆+ :
L22(Λ
2
+)→ L2(Λ2+) is a Fredholm operator. This allows us to prove an important
Hodge type decomposition for positively weighted Sobolev 1-forms on X.
Next we prove, assuming non-negative scalar curvature on each end and
certain technical topological conditions, that the associated Dirac operator as-
sociated with an end-periodic connection (which is ASD at infinity) is Fredholm.
In the second part of the thesis we establish an isomorphism between be-
tween the de Rham cohomology group, H1dR(X, iR) (which is a topological in-
variant of X) and the harmonic group intervening in the above Hodge type
decomposition of the space of positively weighted Sobolev 1-forms on X. We
also prove two important short exact sequences relating the gauge group of our
Seiberg-Witten moduli problem and the cohomology group H1(X, 2piiZ).
In the third part, following ideas of Kronheimer-Mrowka in the compact
case, we prove our main results: the coercivity of the Seiberg-Witten map and
compactness of the moduli space for a 4-manifold with periodic ends (X, g, τ)
verifying the above conditions.
Finally, using our coercitivity property, we show (using the formalism de-
veloped by Okonek-Teleman) that a Seiberg-Witten type cohomotopy invariant
associated to (X, g, τ) can be defined. Explicit computations and general prop-
erties of this new invariant (which require radically different techniques) will
be considered in future articles.
Keywords : 4-manifold, Seiberg-Witten theory, Dirac operator, Fredholm op-
erator, cohomotopic invariant.
AMS math classification: 47A53, 53C07, 53C27, 57R57, 58D27
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Resume´
Dans cette thèse on prouve des résultats analytiques fondamentaux sur une
nouvelle version de la théorie de Seiberg-Witten: la théorie cohomotopique
de Seiberg-Witten pour des 4-variétes Riemanniennes Spinc(4) a bouts péri-
odiques, (X, g, τ). Nos résultats montrent, que sur certaines conditions tech-
niques en (X, g, τ), cette nouvelle version est cohérente et mène a des invariants
de Seiberg-Witten pour cette classe de variétes.
Premièrement, en utilisant le critère de Fredholmité de Taubes pour des
operateurs périodiques dans des variétes a bouts périodiques, on montre que
pour une 4-varieté Riemmanienne a bouts périodiques (X, g) vérifiant certaines
conditions topologiques, le Laplacian ∆+ : L22(Λ
2
+) → L2(Λ2+) est un opérateur
de Fredholm. Cela nous permet de prouver une importante décomposition de
type Hodge pour des 1-formes de Sobolev de X, a poids positif.
Ensuite on prouve, en assumant certaines conditions topologiques et cour-
bure scalaire non-negative sur les bouts, que l’opérateur de Dirac associé a une
connection périodique (ASD a l’infini) est Fredholm.
Dans la deuxième partie de la thèse on démontre un isomorphisme entre
le groupe de cohomologie de de Rham H1dR(X, iR), et le groupe harmonique
intervenant dans la decomposition de Hodge des 1-formes Sobolev de X a poids
positif. On prouve aussi l’existence de deux séquences exactes courtes liant
le groupe de jauge de l’espace de modules de Seiberg-Witten et le groupe de
cohomologie H1(X, 2piiZ).
Dans la troisième partie, en utilisant des idées de Kronheimer-Mrowka pour
le cas compact, on prouve les principaux résultats: la coercitivité de l’application
de Seiberg-Witten et la compacité de l’espace de moduli pour une 4-varieté a
bouts périodiques (X, g, τ), vérifiant les conditions mentionnées plus haut.
Finalment, utilisant la coercivité, on montre employant le formalisme de
Okonek-Teleman, l’existence d’un invariant cohomotopique de type Seiberg-
Witten type associé a (X, g, τ). Calculs explicits et proprietés de ce nouveau in-
variant (qui exigent techniques radicalement différents) séront considerés dans
futurs articles.
Mots clés: 4-varieté, théorie de Seiberg-Witten, opérateur de Dirac, opéra-
teur de Fredholm, invariant cohomotopique.
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Chapter 1
Introduction
1.1 The Seiberg-Witten equations
The Seiberg-Witten equations have been introduced in the seminal article [W],
and found rapidly spectacular applications in 4-dimensional differential topol-
ogy. Compared with the ASD equations used in Donaldson theory [DK], the
Seiberg Witten equations have an Abelian symmetry group, and yield compact
moduli spaces. Therefore, one of the hardest difficulties in Donaldson theory
(the construction of a natural compactification of the ASD moduli spaces) does
not occur at all in Seiberg-Witten theory. We recall briefly the Seiberg-Witten
equations and the definition of the Seiberg-Witten moduli spaces.
Let (X, g) be an oriented Riemannian 4-manifold, and denote by Pg the
SO(4)-bundle of orthonormal frames of X which are compatible with the ori-
entation. Endow (X, g) with a Spinc(4) structure τ : Q → Pg, and denote by
det(Q), Σ± the determinant line bundle, respectively the spinor bundles of τ .
The Seiberg-Witten map associated with (X, g, τ) is the map
SW : A (detQ)× C∞(X,Σ+)→ C∞(X,Σ−)× C∞(Herm0(Σ+))
given by
SW (A,ϕ) = ( /DAϕ,Γ(F
+
A )− (ϕ⊗ ϕ)0), (1.1)
where Γ : iΛ2+ → Herm0(Σ+) is the bundle isomorphism induced by τ . For a
self-dual form η ∈ C∞(iΛ2+) we define the η-perturbed Seiberg-Witten map by
SWη(A,ϕ) = ( /DAϕ,Γ(F
+
A + η)− (ϕ⊗ ϕ)0). (1.2)
The map SWη is equivariant with respect to the natural actions of the gauge
group G := C∞(X,S1) on the spaces
A := A (detQ)× C∞(X,Σ+), C∞(X,Σ−)× C∞(Herm0(Σ+)).
Denote byA ∗ the open subspace ofA consisting of pairs with non-trivial spinor
component, and by B, B∗ the quotients of A , respectively A ∗ by the gauge
11
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group G . After suitable Sobolev completions, the projection A ∗ → B∗ becomes
a principal G -bundle. The (η-perturbed) Seiberg-Witten moduli space associ-
ated with (X, g, τ) is the quotient
M := SW−1(0)/G ⊂ B,Mη := SW−1η (0)/G ⊂ B.
One of the fundamental results in classical Seiberg-Witten theory is the follow-
ing compactness theorem:
Theorem 1.1.1. For any perturbation form η ∈ C∞(iΛ+) the moduli space
Mη is compact.
The proof uses the Weitzenböck formula and the maximum principle to get
first an a priori C 0-bound of the spinor component, and then standard elliptic
bootstrapping techniques.
The moduli space of (η-perturbed) irreducible monopoles is the open subspace
M ∗ := M ∩B∗, M ∗η := Mη ∩B∗
of M (respectively Mη). Note that M ∗ (M ∗η ) can be identified with the zero
locus of the section sw (swη) induced by SW (SWη) in the bundle
A ∗ ×G (C∞(Σ−)⊕ C∞(Herm0(Σ+))
over B∗, which becomes Fredholm after suitable Sobolev completions.
Using the infinite dimensional version of Sard theorem, one can prove that
for a "generic" perturbation form η, the map SWη is submersive at any irre-
ducible vanishing point, in particular the moduli space M ∗η is smooth and has
“the expected dimension"
wτ :=
1
4
[
c1(det(Q))
2 − 2e(X)− 3σ(X)] = indexR(swη)
at any point. Fixing an orientation of the line det(H1(X,R))⊗det(H2+(X,R))∨,
one can define an orientation of the smooth manifold M ∗η for any such generic
perturbation form.
Moreover, one can prove that the space of perturbations η for which re-
ducible solutions appear in the moduli space ( i.e. for which M ∗η 6= Mη) has
codimension b+(X) in the space of perturbations, hence its complement is con-
nected when b+(X) ≥ 2.
The Seiberg-Witten invariants are defined following the standard pattern
used in many gauge theories: evaluate a canonical cohomology class on the
fundamental class of a moduli space. In our case, for a 4-manifold with b+(X) ≥
2 and a cohomology class c ∈ H∗(B∗,Z) we put
SW (X, c) := 〈c, [Mη]〉
where η has been chosen such that M ∗η = Mη and SWη is submersive at any
vanishing point. The definition can be adapted to the case b+(X) = 1, but in
this case one obtains, for any class c ∈ H∗(B∗,Z), two invariants SW±(X, c)
which are related by a wall crossing formula [OT2].
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1.2 Generalizations of Seiberg-Witten equations
Soon after the birth of Seiberg-Witten theory, several authors have introduced
interesting generalizations of the theory on non-compact manifolds. The first
contribution in this direction is due to Kronheimer-Mrowka [KM2], who stud-
ied the Seiberg-Witten equations on AFAK (asymptotically flat almost Kähler) 4-
manifolds, proving an interesting result about the finiteness of the set of homo-
topy classes of semi-fillable contact structures on 3-manifolds. Similar versions
of the Seiberg-Witten equations on non-compact manifolds have been studied
by Mrowka-Rollin [MR] and Biquard [Bi], who used these equations on man-
ifolds with finite volume conical ends to prove an unicity theorem for a class
of complete Einstein metrics on a class of quotients of the complex hyperbolic
space.
An important direction in the development of the Seiberg-Witten theory on
non-compact manifolds concern the class of 4-manifolds with cylindric ends,
and the relations between the 4-dimensional Seiberg-Witten invariants for such
manifolds and the Seiberg-Witten Floer invariants for 3-manifolds. Fundamen-
tal contributions in these directions are the remarkable monographs of Nico-
laescu [N], Kronheimer-Mrowka [KM1] and Frøyshov [F2], [F3]. These devel-
opments have been inspired by Yang-Mills Floer theory, whose main analytic
tool is the theory of the ASD equation on 4-manifolds with cylindrical ends (see
[MMR], [T2], [D]).
An important remark: in Donaldson theory we have not only an extension
of the theory of the ASD equation on manifolds with cylindrical ends but also
an interesting extension, due to Taubes, on manifolds with periodic ends, [T1].
Taubes introduced and studied the ASD equation on this class of non-compact
manifolds, and used the resulting moduli spaces to prove a spectacular theorem
concerning the cardinality of diffeomorphism classes of exotic R4’s.
To our knowledge, up till now the Seiberg-Witten equations on 4-manifolds
with periodic ends have not been studied yet. This thesis can be viewed as an
attempt to fill this gap. Note, however, that Ruberman-Saveliev [RS1], [RS2],
and Mrowka-Ruberman-Saveliev [MRS] studied and used end-periodic Dirac
operators on 4-manifolds with periodic ends to define new Seiberg-Witten type
invariants for closed 4-manifolds with b+ = 0.
Recently, going in a different direction, Furuta and Bauer found an inter-
esting and efficient refinement of the classical Seiberg-Witten theory on closed
4-manifolds. This new theory originated in Furuta’s idea to use “finite dimen-
sional" approximations of the Seiberg-Witten map (instead of the moduli spaces
of its zeroes) to define invariants. The invariants obtained using the “stable
homotopy class" defined by the system of finite dimensional approximations of
the Seiberg-Witten map are called cohomotopy Seiberg-Witten invariants, or
Bauer-Furuta invariants. A new version of these invariants (which are better
adapted for manifolds with b1 > 0 and b+ = 1) has been constructed later by
Okonek-Teleman [OT2]. We recall briefly the formalism of [OT2]:
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Fix a basis connection A0 ∈ A (det(Q)) and denote by A0(det(Q)) the affine
subspace
A0(det(Q)) := A0 + Z
1
dR(X, iR).
of A (det(Q)). In other words, A0(det(Q)) is the affine subspace of connec-
tions on det(Q) having the same curvature as A0. The space A (det(Q)) can be
written as
A (det(Q)) = A0(det(Q)) + d
∗(Ω2+(iR)),
hence any connection A ∈ A (det(Q)) can be written in a unique way as A′ + v
with A′ ∈ A0(det(Q)) and v ∈ V := d∗(Ω2+(iR)).
Denote by Gx0 ⊂ G the kernel of the evaluation map evx0 : G → S1,
and note that Gx0 acts freely on A (det(Q)) leaving invariant its affine sub-
space A0(det(Q)). The quotient T := A0(det(Q))/Gx0 can be identified with
H1(X, iR)/H1(X, 2piiR), hence is a torus of dimension b1(X). The projection
A0(det(Q))→ T
can be regarded as a principal Gx0 -bundle. Letting Gx0 act on the spaces C
∞(Σ±)
in the natural way, we obtain associated complex vector bundles
E := A0(det(Q))×Gx0 C∞(Σ+), F := A0(det(Q))×Gx0 C∞(Σ−)
on T . Put now W := C∞(Herm0(Σ+)) ' Ω2+(X, iR). With these notations we
see that the Seiberg-Witten map descends to an S1-equivariant map over T
V × E - W ×FSW
J
J^
T



fl
.
(1.3)
After suitable Sobolev completions (which make V , W Hilbert spaces, and
E , F Hilbert bundles over T ), the linearization of this map at the zero section
can be written as (d+, /D), where d+ : V → W is a linear embedding with
cokernel iH2+, and /D is a family of complex Fredholm operators parameterized
by T . This S1-equivariant map over T is used in [OT2] to define the Seiberg-
Witten cohomotopy invariants. The fundamental analytic property of SW which
allows the construction of these invariants is its coercivity property:
Theorem 1.2.1. For every constant c > 0 there exists Cc ≥ 0 such that the
implication
‖SW (v, e)‖ ≤ c⇒ ‖(v, e)‖ ≤ Cc
holds for pairs (v, e) ∈ V × E .
In [OT2] the authors have also pointed out that the map (5.1) over T can be
obtained in a simpler way: one can replace A0(det(Q)) by a finite dimensional
affine subspace of A (det(Q)) and the gauge group Gx0 by a discrete group. Let
H1 ⊂ Z1dR(X, iR) be the imaginary harmonic space of X and
G := {θ ∈ G | θ−1dθ ∈ H1} = {θ ∈ G | d∗(θ−1dθ) = 0}.
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The map θ 7→ [θ−1dθ]dR defines an epimorphism p : G→ 2piiH1(X,Z), hence a
short exact sequence
1→ S1 → G p−→ 2piiH1(X,Z)→ 0.
It’s easy to see that replacing A0(det(Q)) by A0 + H1 and Gx0 by the discrete
group
Gx0 := ker[evx0 : G→ S1] ' 2piiH1(X,Z)
in the construction E , F and (5.1), one obtains equivalent objects. This con-
struction shows that the Hilbert bundles E , F come with a natural flat connec-
tions.
Our results will deal with the following natural
Question: Can one generalize this construction to the framework of 4-manifolds
with periodic ends? Does the obtained bundle map SW satisfy a similar coer-
civity condition?
Note that, for a manifold X with periodic ends, H1(X,R), H1c (X,R) can be
both infinite dimensional, so it is not clear at all what space will play the role of
the harmonic space H1.
1.3 The results
By definition (see section 2.1 for details), a manifold with periodic ends has
a finite set of ends which will be denoted by E. For every e ∈ E we have an
open submanifold Ende(X) ⊂ X representing the end e, which can be obtained
as an infinite union ∪i∈NWe,i, where We,i are copies of the same connected,
open manifold We with two ends: a positive and a negative end. The union
Ende(X) = ∪i∈NWei is obtained by glueing the positive end of each Wei to the
negative end of Wei+1 . Identifying the two ends of We one obtains a closed
manifold Ye with b1(Ye) ≥ 1, which will be called the “generalized torus" corre-
sponding to the end e. For every e ∈ E the open manifold Ende(X) comes with
a natural map pe : Ende(X) → Ye which identifies Ende(X) with a “half-cyclic
cover" of Ye .
Note that our conditions will use essentially the fixed periodic ends structure
and are not intrinsically associated to the manifold X.
A Riemannian manifold with periodic ends is a Riemannian manifold (X, g),
where X is a manifold with periodic ends, and g is end-periodic, i.e. for every
e ∈ E the restriction of g|Ende(X) coincides with (pe)∗(ge) for a metric ge on
Ye. A Spinc(4) Riemannian 4-manifold with periodic ends is a triple (X, g, τ),
where (X, g) is a Riemannian 4-manifold with periodic ends, and τ is an end pe-
riodic Spinc(4)-structure on (X, g), i.e., it is endowed with fixed isomorphisms
τ |Ende(X) = (pe)∗(τe) for Spinc(4)-structures τe : Qe → Pge on the generalized
tori Ye.
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We,0
We,1
1
We,0
We,1
1
Our main results concern Spinc(4) Riemannian 4-manifold (X, g, τ) with
periodic ends satisfying the following conditions
1. (Topological conditions on the periodic ends) For every e ∈ E one has
(a) b+(Ye) = 0,
(b) H1(We,Z) is torsion.
2. (Topological conditions on the Spinc(4)-structure on the ends) For every
e ∈ E one has
c1(det(Qe))
2 + b2(Ye) = 0.
3. (Riemannian condition on the ends) For every e ∈ E the scalar curvature
sge is non-negative on Ye.
If one assumes thatH1(We,Z) is finitely generated, then the conditionH1(We,Z)
is torsion means simply b1(We) = 0. Note that the condition H1(We,Z) is tor-
sion implies b1(Ye) = 1. We will explain now our results, pointing out the role
of each of these conditions in our arguments.
We start by studying the “Fredholmness" of the relevant operators. The first
result in this direction is
Theorem 1.3.1. Suppose that (X, g) is a Riemannian 4-manifold with periodic
ends such that b+(Ye) = 0 and H1(We,Z) is torsion for any e ∈ E. Then the
operator
∆+ : L
2
k+1(iΛ
2
+)→ L2k−1(iΛ2+)
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is Fredholm. In particular, there exists  > 0 such that for every w ∈ (−, ) the
operator
∆+ : L
2,w
k+1(iΛ
2
+)→ L2,wk−1(iΛ2+)
is Fredholm and its kernel H2+ is independent of w ∈ (−, ).
The result follows from Taubes’s Fredholmness criterion (see [T1] Lemma
4.3). In order to prove that the hypothesis of this criterion is satisfied we will
need the following vanishing theorem: For any ξ ∈ C∗ consider the locally con-
stant sheaf (local coefficient system) Cξ on Ye which is obtained using the étale
cover We → Ye, the constant sheaf C on We and the automorphy factor ξ. Ap-
plying a Cˇech type computation in the étale topology of Ye we will show that
H1(Ye,Cξ) = 0 for any ξ ∈ S1 \ {1}.
Using this result we will obtain a Hodge type decomposition theorem in
dimension 1. For any e ∈ E, let ρe be a smooth real function on X which
vanishes on the complement ofX\Ende(E) and is constant 1 on Ende(E)\We,0.
Put
FE :=
{∑
e∈E
ρeθe| θe ∈ R
} ' RE.
With this notation we will prove:
Theorem 1.3.2. In the conditions of Theorem 1.3.1, there exists  > 0 such
that for every w ∈ (0, ) we have an L2-orthogonal direct sum decomposition
L2,wk (iΛ
1) = d(L2,wk (iΛ
0)⊕ iFE)⊕H1w ⊕ d∗(L2k+1,w(iΛ2+)),
where H1w is defined by
H1w := ker[(d∗, d+) : L
2,w
k (iΛ
1)→ L2,wk−1(iΛ0)⊕ L2,wk−1(iΛ2+)] =
= ker[(d∗, d) : L2,wk (iΛ
1)→ L2,wk−1(iΛ0)⊕ L2,wk−1(iΛ2)] ,
is finite dimensional, and can be identified with H1(X, iR).
Note that the first order operator
D := (d∗, d+) : L2k(iΛ
1)→ L2k−1(iΛ0)⊕ L2k−1(iΛ2+)
although elliptic, is certainly non-Fredholm when E 6= ∅.
This Hodge decomposition theorem plays a crucial role in our arguments.
Our second Fredholmness result concerns the Dirac operator.
Theorem 1.3.3. With the notations and under the assumptions above suppose
that b+(Ye) = 0, H1(We,Z) is torsion, c1(det(Qe))2 + b2(Ye) = 0, and sge ≥ 0
for any e ∈ E. Fix a connection A0 ∈ A (det(Q)) which is end-periodic and
ASD on the complement of a compact set. Then the Dirac operator
/DA0 : L
2
k(Σ
+)→ L2k−1(Σ−)
is Fredholm.
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The proof uses Taubes’s Fredholmness criterion again and the Weitzenböck
formula on the generalized tori Ye. The condition c1(det(Qe))2 + b2(Ye) = 0 is
needed to assure that the index of the induced Dirac operators on the general-
ized tori Ye vanishes.
Using these preparations we will prove the following fiberwise coercivity
theorem:
Theorem 1.3.4. Suppose that the three conditions 1, 2, 3 above are verified and
let  > 0 satisfy the conditions in Theorem 1.3.1, Theorem 1.3.2. Fix w ∈ (0, ),
k ≥ 2 and A0 ∈ A (det(Q)) which is end-periodic and ASD outside a compact
set. Let (vn, φn)n be a sequence in d
∗(L2k+1,w(iΛ
2
+))× L2,wk (Σ+) such that
‖SW (A0 + vn, φn)‖L2,wk−1 ≤ C,
for a positive constant C > 0. Then
1. the sequence (vn, φn)n has a subsequence which is bounded in L
2,w
k ,
2. for every λ ∈ (0, w) the sequence (vn, φn)n has a subsequence which is
convergent in L2,λk−1.
The result is obtained in 4 steps using ideas from ([KM1], section II) : weak
L21 convergence, strong L
2
1-convergence, strong L
3,λ
1 convergence and boot-
strapping. The "input" of this sequence of arguments is an L21-boundedness
theorem which will be obtained using an adapted version of the "energy iden-
tity" of [KM1].
Note that, without the condition sge ≥ 0 our method does not work. More-
over, without this condition this coercivity statement does not hold even on
manifolds with cylindrical ends (see [KM1], [N], [F1]).
Corollary 1.3.5. If (ψ, χ) ∈ L2,w+εk+1 (Σ−)×L2,w+εk+1 (Herm0(Σ+)), then the fiber{
(v, φ) ∈ d∗(L2k+1,w(iΛ2+)× L2,wk (Σ+)| SW (A0 + v, φ) = (ψ, χ)
}
is compact in L2,wk .
Fixing a compact set Π ⊂ H1w, similar results can be obtained for sequences
(zn, φn) where zn = hn + vn with vn ∈ d∗(L2k+1,w(iΛ2+)) and hn ∈ Π. In
particular taking (ψ, χ) = (0, 0) we obtain a compactness theorem for the SW
moduli space on 4-manifolds with periodic ends satisfying our conditions.
We will end the thesis giving (for manifolds with periodic ends satisfying our
conditions) the explicit construction of an S1-equivariant Seiberg-Witten map
over a torus, which satisfies the coercivity property needed in the construction
of the cohomotopy invariants.
Chapter 2
4-manifolds with periodic
ends
In this chapter we are going to define 4-manifolds with periodic ends and peri-
odic structures on it, such as a metric or a Spinc(4)-structure. We prove that,
under certain conditions, the following two operators are Fredholm, the Lapla-
cian ∆+ : L2k+2 → L2k and the Dirac operator /DA : L2k+1 → L2k. For the first the
conditions are of a topological nature (see 2.3.5), for the second they concern
both topological and geometric properties (see 2.5.3). We prove also a Hodge
type decomposition for the weighted Sobolev space L2,wk (iΛ
1) (see 2.4.5).
2.1 Manifolds with periodic ends
Definition 2.1.1 (Taubes). An oriented differentiable n−dimensional manifold
with one periodic end is a connected n-manifold X endowed with the following
structure:
1. a smooth connected oriented open n−manifold W with a compact set C
such that W \ C has two connected components N+ and N−,
2. a compact set C+ ⊂ N+ such that
(a) N+ \ C+ has two connected components N++ and N+−,
(b) W \ C+ is the disjoint union of N− ∪ C ∪N+− with N++.
3. a compact set C− ⊂ N− such that
(a) N− \ C− is the the disjoint union of N−− and N−+ ,
(b) W \ C− is the disjoint union of N−− and N−+ ∪ C ∪N+.
4. a diffeomorphism i : N+ → N− which is orientation preserving and takes
N++ to N−+ and N+− and to N−−.
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5. an open subset K ⊂ X with a connected open set N ⊂ K such that K \N
is compact,
6. a compact set C0 ⊂ N such that N \ C0 is the disjoint union of two open
sets N0−, N0+ and such that K \C0 has two components (K \N)∪N0−,
and N0+,
7. a diffeomorphism i− : N → N− with i−(N0−) = N−− and i−(N0−) =
N−+.
8. an orientation preserving diffeomorphism
Φ : X → K ∪{i−:N→N−}W ∪{i:N+→N−}W ∪{i:N+→N−}W ∪ · · ·
We will denote by Wi ⊂ X the inverse image (via Φ) of the i-th copy of W
in the union above (for i ≥ 0), and by End(X) the union ∪i≥0Wi.
Given an end periodic manifold X we construct the associated "generalized
torus" Y to be the closed -n-manifold Y := W
/ ∼i, where ∼i is the equivalence
relation induced by the diffeomorphism i : N+ → N−.
Note that the closure End(X) has an open neighborhood that can be natu-
rally embedded in a cyclic cover of Y˜ → Y , where
Y˜ := · · · ∪{i:N+→N−}W ∪{i:N+→N−}W ∪{i:N+→N−}W{i:N+→N−} ∪ · · ·
is obtained by gluing in the obvious way a family of copies of W parametrized
by Z.
We point out that Taubes’s definition of a manifold with periodic ends is very
general. In particular it is not required that N is a tubular neighborhood of a
smoothly embedded hypersurface. Adopting this general framework is essential
for the topological results obtained in [T1] and which concern the exotic R4’s.
We will see in section 2.3 that the 1-cohomology of W and Y can be related
using a Mayer-Vietoris section (in the étale topology) which reads:
0→ H0(Y,Z)→ H0(W,Z) 0−→ H0(N+,Z)→ H1(Y,Z)→ H1(W,Z)→ H1(N,Z)→ . . .
Let γ ∈ H1(Y,Z) be the image of 1 ∈ H0(N+,Z) in H1(Y,Z). It is easy to see
that γ, regarded as morphism pi1(Y, p) → Z (for a point p ∈ Y ) corresponds
precisely to the monodromy representation of the cover Y˜ → Y . In other words
the morphism pi1(Y, p)→ Z induced by γ is surjective and the normal subgroup
H ⊂ pi1(Y, p) associated with this cover coincides with ker(γ).
Let τY : Y → S1 be a smooth map representing the homotopy class corre-
sponding to γ under the standard identificationH1(Y,Z)→ [(Y, p), (S1, 1)], (see
[Sp], chapter 8, Lemma 10)). Since the pull-back of γ to W and Y˜ vanishes, it
follows that τY has a lift τY˜ : Y˜ → R satisfying the identity
τY˜ (T (y)) = τY˜ (y) + 1 ,
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where T stands for the positive generator of AutY (Y˜ ) ' Z. Fixing a point
q ∈ Y˜ and imposing τ(q) = 0, this lift becomes uniquely determined. Choosing
a closed form θ on Y representing the class γ in de Rham cohomology, one can
obtain τY˜ directly as a primitive of the pull-back of θ to Y˜ .
We have identified an open neighborhood of End(X) ⊂ X with its image
in Y˜ via the natural map. Therefore τY˜ induces a smooth function on an
open neighborhood of End(X). Using a cut-off function which is identically
1 on End(X) we obtain an R-valued function τ on X which agrees with τY˜ on
End(X).
Definition 2.1.2. Let X be a manifold with one periodic end. A Riemannian
metric g on X will be called end-periodic if its restriction to End(X) coincides
with the pull-back of a metric on Y . A Riemannian manifold with one periodic
end is a manifold with one periodic end endowed with an end-periodic metric.
A slightly more general notion is obtained requiring only that g coincides
with the pull-back of a metric on Y on the complement of a compact set. This
generalization is not important because, changing K accordingly, we come to
an end periodic metric in the sense of our definition.
In a similar way one can define a (Riemannian) manifold with k periodic
ends. Denoting by E the set of ends of such a manifold we obtain, for every
e ∈ E associated object
Ende(X), We, We,i, Ye, Y˜e, τe : X → R
as in the case of manifolds with one periodic end. We also put
End(X) := ∪e∈EEnde(X), Ende,k(X) := ∪i≥kWe,i Endk(X) := ∪e∈EEnde,k(X).
For the definition of the weighted Sobolev spaces in the next section we will
need the function
τ :=
∑
e∈E
τe (2.1)
on X. This function is proper and the sub level sets X≤a := τ−1((−∞, a]) are
compact for every a ∈ R.
We remark that our construction gives, for every end e ∈ E, two fundamental
systems of neighborhoods of e, namely:
Ende,k(X), X>ae := {τe}−1(a,∞) for a > 0.
Note that Endek(X) can be easily described at a union of copies of We, but
its closure can be a very complicated subset of X. On the other hand, if a is
a regular value of τe, X>ae will be the interior of the manifold with boundary
X≥ae .
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2.2 End-periodic differential operators
This section is based on the article of Taubes ([T1] section 3). Let X be a
manifold periodic ends, we say that a vector bundle pi : E → X is end-periodic,
if for each end e ∈ E the restriction of pi to End(X)e, has been identified with
the pullback of a vector bundle pie : Ee → Ye. In a similar way, we say that a
connection ∇ : C∞c (X,E)→ C∞c (X,Λ1 ⊗E) is end-periodic if on each end e ∈
E it coincides with the pullback of a connection∇e : C∞c (Ye, Ee)→ C∞c (X,Λ1⊗
Ee) under the identification.
Definition 2.2.1. Let (X, g) be an oriented Riemannian manifold with periodic
ends, and p : E → X be an end-periodic Euclidean(Hermitian) vector bundle
endowed with an end-periodic Euclidean(Hermitian) connection ∇. For w ∈ R,
k ∈ N and 1 < p <∞ we define the norm
‖ϕ‖Lp,wk (E) =
k∑
l=0
∫
X
|ewτ∇lϕ|p · dvolg, ∀ϕ ∈ C∞c (E) (2.2)
where τ is as in (2.1). We will call the completion of C∞c (E) with respect to
‖ · ‖Lp,wk (E), the weighted Sobolev space of weight w, L
p,w
k (X, g)(E,∇).
Note that ∇l is obtained by tensoring ∇ and the underlying Levi-Civita con-
nection on tensor powers of Λ1, in the appropriate manner. We also remark that
the above weighted Sobolev space are independent of the choices made in the
definition of τ .
Let (X, g) be a Riemannian manifold with periodic ends and piE : E → X
and piF : F → X be periodic vector bundles. A differential operator ∂ :
C∞c (E) → C∞c (F ) is end periodic, if for each end e ∈ E the restriction of ∂ to
End(X)e coincides with the pullback of a differential operator ∂e : C∞c (Ye, Ee)→
C∞c (Ye, Fe).
From now on we suppose our end-periodic vector bundles to be Euclidean
(resp. Hermitian) and endowed with a periodic Euclidean (resp. Hermitian)
connection.
We say that the extension of an end-periodic elliptic partial differential operator
of order r, ∂ : C∞c (X,E) → C∞c (X,F ), to L2,w• is Fredholm, if the natural
extensions ∂ : L2,wk+r(E)→ L2,wk (F ) are Fredholm for all k ∈ N.
The following theorem of Taubes ([T1] Lemma 4.3) gives a necessary and
sufficient condition for the extension of an end-periodic elliptic partial differen-
tial operator to weighted Sobolev spaces to be Fredholm.
Theorem 2.2.2. Let (X, g) be an end-periodic Riemannian manifold. Suppose
that ∂ : C∞c (X,E)→ C∞c (X,F ) is an end-periodic elliptic differential operator
of order r, over X. Then the natural extensions of ∂ to L2,w• are Fredholm if
and only if for all e ∈ E, and all ξ ∈ C× with |ξ| = ew/2, the associated (elliptic)
complex
0→ C∞c (Ye, Ee)
∂e(ξ)−−−→ C∞c (Ye, Fe)→ 0 (2.3)
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has vanishing cohomology groups.
Here ∂e(ξ) denotes the differential operator e−λτe∂(eλτe ·), where eλ = ξ.
It does not depends on τe, but only on dτe, which on Ende(X) coincides with
the pullback of a closed 1-form on Ye, γe. We remark that the vanishing of
the cohomology of the complex (2.3), is equivalent to the condition that the
extension of (2.3) to suitable Sobolev spaces is an isomorphism.
Another important result of Taubes ([T1] Theorem 3.1), gives conditions
which assure that the extension of an end-periodic elliptic partial differential
operator is Fredholm for all w ∈ R, but a discrete set.
Theorem 2.2.3. Let (X, g) be an end-periodic Riemannian manifold. Suppose
that ∂ : C∞c (X,E)→ C∞c (X,F ) is an end-periodic elliptic differential operator
and that for each e ∈ E, the index of ∂e is trivial, and the map
σ∂e([γe]) : H
0(∂e)→ H1(∂e)
is injective. Then for all w ∈ R but a discrete set, the extension of the operator
∂ to L2,w• is Fredholm.
For the definition of the map σ∂e see ([T1], p. 373) . In what follows, it
will be enough to know that in the case of a first order differential operator ∂e,
σ∂e(γ) is the evaluation of the symbol of ∂e applied to the 1-form γe.
2.3 The twisted cohomology of Y
Let (X, g) be a Riemannian manifold with periodic ends. The objective of this
section is to prove, that under certain topological assumptions, the operator
∆+ : L
2
k+2(Λ
2
+X)→ L2k(Λ2+X) is Fredholm.
Suppose for the moment that X has only one end. As explained in section
2.1, the generalized torus Y is identified with the quotient W/ ∼i, where ∼i
is the equivalence relation induced by the diffeomorphism i : N+ → N−. The
canonical projection pi : W → Y is an étale cover of Y , and it can be used
to compute the cohomology of a sheaf of Abelian groups F on Y . The fiber
product W ×Y W decomposes as
W ×Y W = ∆
∐
N+
∐
N−,
where ∆ ' W is identified with the diagonal of the fiber product, N+ is identi-
fied with the component {(w+, i(w+))| w ∈ N+} of the fiber product, and N− is
identified with the component {(w−, i−1(w−))| w ∈ N−} of the fiber product. A
1-cocyle for the Cˇech cohomology of the étale cover pi : W → Y is determined
by its restriction to N+.
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The spectral sequence associated with this cover (see [AM], Corollary 8.15
p.107) has
Ep,q∞ = E
p,q
2 =

ker(uq : H
q(W,pi∗(F))→ Hq(N+, pi∗(F))) when p = 0
Hq(N+, pi
∗(F))/uq(Hq(W,pi∗(F))) when p = 1
0 when p > 1
,
where, for k ∈ N and h ∈ Hk(W,pi∗(F)) we put
uk(h) := h|N+ − i∗(h|N−).
In other words, Ep,q2 is the p-th Cˇech cohomology group associated with the
étale cover pi and the functor (s : U → Y ) 7→ Hq(U, s∗(F)). This yields a
Mayer-Vietoris type long exact sequence
0→ H0(Y,F)→ H0(W,pi∗(F)) u0−→ H0(N+, pi∗(F))→ H1(Y,F)→
→ H1(W,pi∗(F)) u1−→ H1(N+, pi∗(F))→ H2(Y,F)→ . . . .
For a fixed twisting element ξ ∈ C∗ we are interested in the 1-cohomology of
the locally constant sheaf Cξ on Y obtained by factorizing the constant sheaf C
on W by the i-covering isomorphism (i, ξ−1IdC). In this case we have obvious
identifications
Hk(W,pi∗(Cξ)) = Hk(W,C),
and, via these identifications, we have
uk(h) = h|N+ − ξi∗(h|N−).
In particular, since N+ and W are connected, u0 = (1 − ξ)idC : C → C, which
shows that
H0(Y,Cξ) =
{
C when ξ = 1
0 when ξ 6= 1 . (2.4)
Define now the morphisms v± : H1(W,Z)→ H1(N+,Z) by
v+(h) := h|N+ , v−(h) := i∗(h|N−),
and put
Kξ := ker
(
(v+ ⊗ idC)− ξ(v− ⊗ idC)
) ⊂ H1(W,C).
For ξ = 1 we obtain the exact sequence
0→ C→ H1(Y,C)→ K1 → 0, (2.5)
and for ξ 6= 1 we obtain the isomorphism
H1(Y,Cξ)
'−→ Kξ. (2.6)
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Note now that Cξ is the sheaf of parallel sections of a flat complex line
bundle (Lξ,∇ξ) on Y . Therefore H∗(Y,Cξ) can also be computed using the
de Rham theorem for the flat linear connection ∇ξ. In other words, we can
compute H∗(Y,Cξ) using the resolution
0 −→ Cξ ↪→ E 0Y
dξ−→ E 1Y
dξ−→ E 2Y
dξ−→ . . .
of Cξ by fine sheaves. Here dξ stands for the de Rham operator associated with
∇ξ, regarded as a sheaf morphism. We obtain canonical isomorphisms
Hk(Y,Cξ) = Hk(Cξ),
where Cξ is the Rham complex
0 −→ A0(Y,Lξ) dξ−→ A1(Y,Lξ) dξ−→ A2(Y, Lξ) dξ−→ . . . . (Cξ)
In particular we obtain an isomorphism
H1(Y,Cξ) =
ker[dξ : A
1(Y, Lξ)→ A2(Y, Lξ)]
Im [dξ : A0(Y, Lξ)→ A1(Y, Lξ)] . (2.7)
Suppose now that (X, g) is a Riemannian 4-manifold with periodic ends. For
ξ ∈ S1 consider the SD-elliptic complex
0 −→ A0(Y,Lξ) dξ−→ A1(Y, Lξ) d
+
ξ−→ A2+(Y, Lξ) −→ 0 (C+ξ )
associated with the flat unitary connection ∇ξ.
Remark 2.3.1. Suppose ξ ∈ S1. Then
ker[dξ : A
1(Y,Lξ)→ A2(Y, Lξ)] = ker[d+ξ : A1(Y, Lξ)→ A2+(Y,Lξ)] ,
in particular one has an obvious identification
H1(Cξ) = H
1(C+ξ ).
Proof. The cohomology of the elliptic complex (Cξ) can be computed using
Hodge’s theorem, i.e., identifying Hk(Cξ) with the k-th harmonic space of (Cξ),
Hk(Y,Cξ).
Suppose now that α ∈ ker d+ξ . Then dξα will be a dξ-exact anti-selfdual Lξ-
valued 2-form. For ξ ∈ S1, the flat connection∇ξ becomes a unitary connection,
hence the adjoint d∗ξ can be computed using the usual formula involving dξ and
the Hodge star operator. Therefore, as in the non-twisted case, we conclude
that dξα belongs to the second harmonic space of (Cξ) and is dξ-exact. By
Hodge’s theorem, this implies dξα = 0.
For ξ ∈ S1 put now
∆+,ξ := d
+
ξ d
∗
ξ : A
2
+(Y, L
ξ) −→ A2+(Y, Lξ)
H2+,ξ := ker ∆+,ξ = ker[d∗ξ : A2+(Y,Lξ)→ A1(Y,Lξ)]
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Proposition 2.3.2. Let (X, g) be a Riemannian 4-manifold with one periodic
end. Assume that
Kξ = {0} ∀ ξ ∈ S1. (C)
Then dimH2+,ξ is independent of ξ ∈ S1.
Proof. Suppose that (C) holds, then using (2.4), we obtain
H0(C+ξ ) = H
0(Cξ) = H
0(Y,Cξ) '
{
C when ξ = 1
0 when ξ 6= 1 . .
On the other hand, it follows from Remark 2.3.1, and the formulae (2.5), (2.6),
that
H1(C+ξ ) = H
1(Cξ) = H
1(Y,Cξ) '
{
C when ξ = 1
0 when ξ 6= 1 . .
Since the index of the complex (C+ξ ) is independent of ξ, the result follows.
Note that assuming condition (C) holds for every end e ∈ E, the above
Proposition extends to case of Riemannian 4-manifolds with multiple periodic
ends.
Remark 2.3.3. Condition (C) holds automatically when H1(W,R) = 0. Note
that the weaker condition b1(Y ) = 1 does not imply (C). Indeed, when b1(Y ) = 1
it follows K1 = {0}, but we have no control on Kξ for ξ ∈ S1 \ {1}.
Remark 2.3.4. Suppose H1(N+,R) = 0 (which holds for instance when N+ is
a bicolar around an embedded locally flat rational 3-sphere). Then the following
conditions are equivalent:
1. (C) holds,
2. H1(W,R) = 0,
3. b1(Y ) = 1
Notice that the condition H1(We,Z) is torsion implies that b1(We) = 0, if
H1(We,Z) is finitely generated.
Theorem 2.3.5. Let (X, g) be a Riemannian 4-manifold with periodic ends
such that for each end e ∈ E the condition (C) holds and b+2 (Ye) = 0. Then the
operator ∆+ : L
2
k+2(iΛ
2
+X)→ L2k(iΛ2+X) is Fredholm, for any k ∈ N.
Proof. This follows theorem 2.2.2 applied to operator ∆+, together with Propo-
sition 2.3.2 and the fact that the hypothesis b+2 (Ye) = 0, is satisfied for every
e ∈ E.
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2.4 Hodge decomposition
In this section we will prove a Hodge type decomposition for the space of 1-
forms in admissible Riemannian 4-manifolds with periodic ends.
For a subspace A ⊆ L2,w denote by A⊥L2,−wk the annihilator (orthogonal
complement) of A in L2,−wk with respect to the L
2 inner product.
Lemma 2.4.1. Let (X, g) be a Riemannian manifold with periodic ends and
p : E → X and q : F → X be periodic Euclidean(Hermitian) vector bundles
over X. Suppose that P is a periodic differential operator of order r that extends
to a Fredholm map P : L2,wk+r(E)→ L2,wk (F ). Then
Im [P : L2,wk+2r(E)→ L2,wk+r(F )] = ker[P ∗ : L2,−wk+r (E)→ L2,−wk (F )]
⊥
L
2,w
k+r
and thus
codim[P : L2,wk+2r(E)→ L2,wk+r(F ) = dim ker[P ∗ : L2,−wk+r (E)→ L2,−wk (F )]
Proof. Let I be the image of P : L2,wr → L2,w. Since P is Fredholm, I is a closed
subspace of L2,w of finite codimension. The dual of L2,w can be identified with
L2,−w, the duality pairing corresponding to the L2 inner product.
The L2 orthogonal complement of I in L2,−w, I⊥L2,−w coincides with its
annihilator in the dual of L2,w, via the above identification. Let now v ∈ L2,−w
be an element of I⊥L2,−w , then
〈P (x), v〉L2 = 0 for all x ∈ L2,wr (2.8)
This implies that P ∗v = 0 as a distribution;, and thus v ∈ C∞. Applying
standard regularity theorems (see [LM] formula (2.4) p. 420, and [E] Lemma
1.30) we know that kerP ∗ ∩ L2,−w = kerP ∗ ∩ L2,−wk for every k ∈ N. Let K
be this kernel and let Ik ⊂ L2,wk be the image of P : L2,wk+d → L2,wk . We show
that Ik coincides with the L
2-orthogonal complement of K in L2,wk , K
⊥
L
2,w
k . If
u ∈ K⊥L2,wk then, u ∈ K⊥L2,w which, we know, is I, and also u ∈ L2,wk . Thus
u = P (x) where x ∈ L2,w. Using regularity we get, from u = P (x) ∈ L2,wk , we
get u ∈ L2,wk+d, and so u ∈ Ik.
Corollary 2.4.2. Suppose that (X, g) is an Riemannian 4-manifold with peri-
odic ends such that for every end e ∈ E condition (C) holds and b+2 (Ye) = 0 .
Then there exists ε > 0 such that for all w ∈ (0, ε)
H+−w = H+w = H
+
0 .
Proof. From theorem 2.3.5, ∆+ : L
2
k+2(Λ
2
+)→ L2k(Λ2+) is Fredholm, and thus it
is also self-adjoint. In particular for all w sufficiently close to zero the operator
Pw = e
wτ∆+(e
−wτ ·) will be in a neighborhood of ∆+ in L (L2k+2(Λ2+), L2k(Λ2+)).
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It follows Pw is also Fredholm and has the same index, zero. Now conjugating
back via ewτ we get that ∆+,w = ∆+ : L
2,w
k+2(Λ
2
+) → L2,wk (Λ2+) is Fredholm of
index zero. Thus for all w in a certain neighborhood of the origin
0 = dim ker ∆+,w − codim Im ∆+,w
= dim ker ∆+,w − dim ker ∆+−w
Since for w > 0 we have ker ∆+,w ⊆ ker ∆+0 ⊆ ker ∆+−w we get the equality.
We shall denote byH2+ the harmonic spaceH
+
−w = H+w = H
+
0 for w ∈ (−ε, ε).
Let (X, g) be a Riemannian 4-manifold with periodic ends. For each e ∈ E,
let ρe be a (fixed) smooth function which equals zero outsideX≥0e and 1 inX
≥1
e .
We shall denote by FE the real vector space spanned by the set{ρe}e∈E. Equiv-
alently one can use the alternative space FE as in the introduction. Consider
the following complexes
L2,wk (iΛ
1)
d∗⊕d+−−−−→ L2,wk (iΛ0 ⊕ iΛ2+)
d+d+−−−→ L2,wk (iΛ0 ⊕ iΛ2+)
L2,wk (iΛ
0 ⊕ iΛ2+)⊕ iFE d+d
∗
−−−→ L2,wk (iΛ1)
d∗⊕d+−−−−→ L2,wk (iΛ0 ⊕ Λ2+).
We define D to be the operator d∗ ⊕ d+. Its formal adjoint d + d∗ shall be
denoted by D∗. When acting on the weighted Sobolev spaces L2,wk , we shall
insert a lower w on these operators, becoming, Dw and D∗w respectively.
Lemma 2.4.3. Let (X, g) be a Riemannian 4-manifold with periodic ends such
that for every e ∈ E condition (C) holds and b+2 (Ye) = 0. Then there exists
ε > 0 such that for any w ∈ (−ε, ε) the map
∆+∣∣{H2+}⊥L2,wk+1 : {H2+}
⊥
L
2,w
k+1 → {H2+}
⊥
L
2,w
k−1 (2.9)
is an isomorphism.
Proof. Recall that by the duality Lemma 2.4.1
Im[∆+ : L
2,w
k+1(iΛ
2
+)→ L2,wk−1(iΛ2+)] = ker[∆+ : L2,−wk−1 (iΛ2+)→ L2,−wk−3 (iΛ2+)]⊥L
2,w
k−1
= {H+−w}⊥L
2,w
k−1 = {H2+}⊥L
2,w
k−1 .
(2.10)
Therefore, the above map, (2.9), which is by construction is injective, it is also
surjective.
Lemma 2.4.4. Let (X, g) be a Riemannian 4-manifold with periodic ends such
that for every e ∈ E condition (C) holds and b+2 (Ye) = 0. Suppose that (ϕ, α) ∈
L2,−wk+1 (iΛ
0⊕ iΛ2+) is such that dϕ+ d∗α ∈ L2,wk (iΛ1). Then α ∈ L2,wk+1(iΛ2+) and
ϕ ∈ L2,wk+1(iΛ0)⊕ iFE.
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Since the opposite inclusion is obvious, the lemma states that{
D∗−w
(
L2,−wk+1 (iΛ
0 ⊕ iΛ2+)
)} ∩ {L2,wk (iΛ1)}
= D∗w
{(
L2,wk+1(iΛ
0)⊕ iFE)⊕ L2,wk+1(iΛ2+)} (2.11)
Proof. Since dϕ+ d∗α ∈ L2,wk (iΛ1), it follows that d+d∗α = ∆+α ∈ L2,wk−1(iΛ2+).
As proven above the maps
∆+∣∣{H2+}⊥L2,wk+1 : {H2+}
⊥
L
2,w
k+1 → {H2+}
⊥
L
2,w
k−1
are isomorphisms. Let w > 0. Therefore in the following commutative diagram
of Banach spaces
{H2+}
⊥
L
2,−w
k+1
∆+ // {H2+}
⊥
L
2,−w
k−1
{H2+}
⊥
L
2,+w
k+1
?
OO
∆+ // {H2+}
⊥
L
2,+w
k−1
?
OO
the horizontal arrows are isomorphisms (and the vertical arrows are continuous
injections). Let α ∈ L2,−wk+1 (iΛ2+) be such that ∆+α ∈ L2,wk−1(iΛ2+). Using the
decomposition α = αh + α
⊥ where αh ∈ H2+ and α⊥ ∈ {H2+}
⊥
L
2,−w
k+1 , it follows,
using the hypothesis, that ∆+α
⊥ = ∆+α ∈ {H2+}
⊥
L
2,+w
k−1 . Since the horizontal
arrows are isomorphisms there is a β ∈ {H2+}
⊥
L
2,+w
k+1 such that ∆+β = ∆+α
⊥.
The upper arrows being injective we have necessarily, β = α⊥. Hence α =
αh + β ∈ L2,wk+1(iΛ2+). Now from dϕ+ d∗α ∈ L2,wk+1(iΛ1) and d∗α ∈ L2,wk+1(iΛ1) it
follows that dϕ ∈ L2,wk+1(Λ1). Applying Taubes Lemma 5.2 in [T1] to each end
e ∈ E, it follows that ϕ ∈ L2,wk+1(iΛ0)⊕ (
∑
e∈E iρeR) = L
2,w
k+1(iΛ
0)⊕ iFE.
Corollary 2.4.5. Let (X, g) be a Riemannian 4-manifold with periodic ends
such that for every e ∈ E condition (C) holds and b+2 (Ye) = 0 . Suppose w > 0
is a small weight for which Dw is a Fredholm operator. Then
{kerDw}
⊥
L
2,w
k = Im[D∗−w : L
2,−w
k+1 (iΛ
0 ⊕ iΛ2+)→ L2,−wk (iΛ1)] ∩ L2,wk (iΛ1)
= Im[d+ d∗ : L2,−wk+1 (iΛ
0 ⊕ iΛ2+)→ L2,−wk (iΛ1)] ∩ L2,wk (iΛ1).
In particular we have L2-orthogonal direct sum decompositions of topological
vector spaces
L2,wk (iΛ
1) = kerDw ⊕ {kerDw}
⊥
L
2,w
k
= kerDw ⊕
{
Im[d+ d∗ : L2,−wk+1 (iΛ
0 ⊕ iΛ2+)→ L2,−wk (iΛ1)] ∩ L2,wk (iΛ1)
}
.
30 CHAPTER 2. 4-MANIFOLDS WITH PERIODIC ENDS
and
L2,wk (iΛ
1) = H1w ⊕ Im[d : L2,wk+1(iΛ0)⊕ iFE → L2,wk (iΛ1)]⊕
⊕ Im[d∗ : L2,wk+1(iΛ2+)→ L2,wk (iΛ1)].
as topological vector spaces.
Proof. Since w is positive we have kerDw ⊆ L2,−wk (iΛ1). Therefore
{kerDw}
⊥
L
2,w
k =
{
{kerDw}
⊥
L
2,−w
k
}
∩ L2,wk (iΛ1).
By Lemma 2.4.1 we have
{kerDw}
⊥
L
2,−w
k = Im[D∗−w : L
2,−w
k+1 (iΛ
0 ⊕ iΛ2+)→ L2,−wk (iΛ1)],
hence the first equality follows. For the second equality note kerDw is finitely
dimensional, and since w > 0 the L2 inner product on L2,wk is continuous. This
gives an L2-orthogonal topological direct sum decomposition
L2,wk (iΛ
1) = kerDw ⊕ {kerDw}
⊥
L
2,w
k ,
which proves the second equality. Using (2.11) we get that
{kerDw}
⊥
L
2,−w
k ∩ L2,wk (iΛ1)
= Im[D∗−w : L
2,−w
k+1 (iΛ
0 ⊕ iΛ2+)→ L2,−wk (iΛ1)] ∩ L2,wk (iΛ1)
= D∗w
{(
L2,wk+1(iΛ
0)⊕ iFE)⊕ L2,wk+1(iΛ2+)}
= d
(
L2,wk+1(iΛ
0)⊕ iFE)+ d∗(L2,wk+1(iΛ2+)).
We know that the latter sum, say S, is closed. Now applying the operators
d and d∗, we see that the sum is direct, the first summand coincides ker d|S
and the second summand with ker d∗|S . Therefore the two summands are closed,
which completes the proof.
Corollary 2.4.6. Let (X, g) be a Riemannian manifold with periodic ends such
that for every e ∈ E condition (C) holds and b+2 (Ye) = 0. Suppose that w is a
small positive weight for which the operator Dw is Fredholm. Then the following
map is an isomorphism of Banach spaces
d∗ : H2+
⊥
L
2,w
k+1
(iΛ2
+
) → Im[d∗ : L2,wk+1(iΛ2+)→ L2,wk (iΛ1)].
Proof. By the previous Lemma 2.4.5 we know that the right hand side is closed.
It is also easy to see that ker[d∗ : L2,wk+1(iΛ
2
+)→ L2,wk (iΛ1)] equals H2+.
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We prove now that weights as in the hypothesis of Corollaries 2.4.5 and
2.4.6 do exist. To do this we use Taubes result, Theorem 2.2.3.
Lemma 2.4.7. Suppose that (X, g) is a Riemannian manifold with periodic
ends such that for every e ∈ E condition (C) holds and b+2 (Ye) = 0. Then the
operator Dw = d
+ ⊕ d∗ is Fredholm for all but a discrete subset of w ∈ R.
Proof. We use Taubes’s theorem for each e ∈ E. If e ∈ E, then from the
hypothesis of X it follows, b0(Ye)− b1(Ye) + b2+(Ye) = 0. Hence the index of the
operator (d+, d∗) : A1 → A2+ ⊕ A0 on Ye, is zero. The action of γe on H1(Ye)
is given by σ(γe)(ξ) = [γe ∧ ξ]+ ⊕ [γ∗eyξ]. To check that it is injective we use
the proof of Taubes ([T1], Lemma 3.2) that shows that a [ξ] for which [γe ∧ ξ]+
vanishes has to be a real multiple of [γe]. Now the vanishing of [γ
∗
eyξ] implies
that [ξ] has to be trivial. Hence we are in the conditions of Taubes’ theorem
and the result follows.
An alternative proof is obtained using the computations made in the proof
of Proposition 2.3.2 for ξ ∈ S1 \ {1}.
2.5 Dirac operator
Let (X, g, τ) be an Riemannian 4-manifold endowed with a periodic Spinc(4)
structure τ .
We start by recalling the following classical
Theorem 2.5.1 (Weitzenbo¨ck). Let (X, g, τ) be a Riemannian Spinc(4), 4-
manifold. Suppose that A ∈ A (detQ). Then for ϕ ∈ C∞c (Σ+) we have
/DA /DAϕ = ∇∗A∇Aϕ+
sg
2
ϕ+ ρ(F+A )ϕ.
Lemma 2.5.2. Let (X, g, τ) be an oriented, Riemannian, Spinc(4), 4-manifold
and A ∈ A (detQ). Suppose a smooth map f ∈ C∞(X,C) is given. Then
e−f /DA(efϕ) is given by
/DAϕ+ Γ(df) · ϕ
for any ϕ ∈ C∞(X,Σ+).
Proof. Let U be a sufficiently small open set of X, and (ei) be a local orthonor-
mal frame on U . Then on U
e−f /DA(e
fϕ) = e−f
∑
Γ(ei) · ∇Aei(efϕ)
=
∑
Γ(ei)∇Aeiϕ+
∑
Γ(ei) · df(ei)ϕ = /DAϕ+ Γ(df)ϕ.
32 CHAPTER 2. 4-MANIFOLDS WITH PERIODIC ENDS
Proposition 2.5.3. Let (X, g, τ) be a Riemannian, Spinc(4) 4-manifold with
periodic ends such that for each end e ∈ E, b1(Ye) = 1, sge ≥ 0 and
〈c1(det(Qe))2, Le〉 − σ(Ye) = 0. Let A ∈ A (detQ) be a connection whose re-
striction to each end e ∈ E coincides with the pullback of a connection Ae ∈
A (det(Qe)) verifying F
+
Ae
= 0. Then the operator /DA : C
∞
c (Σ
+) → C∞c (Σ−)
extends to a Fredholm operator on /DA : L
2
k+1(Σ
+)→ L2k(Σ−).
Proof. We use Taubes’ Lemma (2.2.2) for w = 0. Let ξ ∈ S1, and write it as eiλ.
To prove that the hypothesis of Taubes’ criterion is satisfied we have to prove
that for every end e ∈ E, the conjugated operator e−iλτ /DAeeiλτ on Ye is an
isomorphism (between the suitable Sobolev completions). According to Lemma
2.5.2 e−iλτ /DAee
iλτ = /DAe + iλΓ(dτ). Since λ ∈ R and dτ is real, one can write
/DAe + iλΓ(dτ) = /DBλe , where B
λ
e ∈ A (det(Qe)) is the unitary connection given
by Bλe = A+ 2iλdτ .
On the other hand the index of /DAe + iλΓ(dτ)ϕ equals the index ind /DAe =
1
4 (〈c1(Le)2, Ye〉−σ(Ye)) which by hypothesis, is zero. Therefore to check that for
all ξ ∈ S1 the operators e−iλτ /DAeeiλτ are isomorphisms it is sufficient to check
that their kernels are trivial. Note that F+
Bλe
= F+Ae = 0. Thus Weitzenbo¨ck
formula (2.5.1) becomes
/DBλe /DBλe ϕ = ∇∗Bλe∇Bzeϕ+
sge
2
ϕ.
Taking L2 inner product with ϕ, it follows that
‖ /DBλe ϕ‖2L2 = ‖∇Aeϕ‖2L2 +
∫
X
sge
2
|ϕ|2.
Since sge ≥ 0, the condition /DBzeϕ = 0 implies that ∇Aˆeϕ = 0. But if ϕ was
a nontrivial parallel spinor, then Ye would be Ka¨hler (see [BLPR], Theorem 1).
In particular b1(Ye) = 0, which contradicts our assumptions. So ϕ is trivial,
and the result follows.
Remark 2.5.4. The same statement holds if one replaces the condition b1(Ye) =
1 by the condition “Ye does not admit any Ka¨bler structure”.
Corollary 2.5.5. There is ε > 0 such that in the conditions of Proposition 2.5.3
the operator /DA : L
2,w
k+1(Σ
+)→ L2,wk (Σ−) is Fredholm for every w ∈ (−ε, ε).
Chapter 3
The harmonic space H1w and
the gauge group
3.1 The topological interpretation of H1w
Let (X, g) is an Riemannian 4-manifold with periodic ends such that for every
end e ∈ E condition (C) holds and b+2 (Ye) = 0 . Then our Hodge decomposition
Theorem, 2.4.5, gives for any sufficiently small positive weight w
L2,wk (iΛ
1) = H1w ⊕ Im [d : L2,wk+1(iΛ0)⊕ iFE → L2,wk (iΛ1)]⊕
⊕Im [d∗ : L2,wk+1(iΛ2+)→ L2,wk (iΛ1)]. (3.1)
This allows us to prove
Proposition 3.1.1. Let (X, g) be a Riemannian 4-manifold with periodic ends
such that for every end e ∈ E condition (C) holds and b+2 (Ye) = 0. Then the
following holds
1. H1w ⊂ ker[d : L2,wk (iΛ1)→ L2,wk−1(iΛ2)],
2. The inclusion H1w ↪→ ker[d : L2,wk (iΛ1) → L2,wk−1(iΛ2)] induces isomor-
phisms
H1w
'→ ker[d : L
2,w
k (iΛ
1)→ L2,wk−1(iΛ2)]
Im [d : L2,wk+1(iΛ
0)⊕ iFE → L2,wk (iΛ1)]
.
3. The natural map
c :
ker[d : L2,wk (iΛ
1)→ L2,wk−1(iΛ2)]
Im [d : L2,wk+1(iΛ
0)⊕ iFE → L2,wk (iΛ1)]
→ H1dR(X, iR)
is injective.
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4. If for every e ∈ E, the group H1(We,Z) is torsion, we have equalities
Im(c) = Im[H1c (X, iR)→ H1(X, iR)] = H1(X, iR),
hence natural isomorphisms
H1w
'−→ Im[H1c (X, iR)→ H1(X, iR)] = H1(X, iR) .
Proof. (1) For the first statement, recall the equality ker d+ = ker d proved in
the Appendix A.0.2.
(2) Applying d to a 1-form α ∈ L2,wk (iΛ1) decomposed according to (3.1) we
obtain a direct sum decomposition
ker[d : L2,wk (iΛ
1)→ L2,wk−1(iΛ2)] = H1w ⊕ Im [d : L2,wk+1(iΛ0)⊕ iFE → L2,wk (iΛ1)],
which proves the claim.
(3) Let α ∈ L2,wk (iΛ1) be a closed form such that [α]dR = 0. Here we use im-
plicitly the fact that the de Rham cohomology can be computed using Sobolev
forms (or even distributions), hence a closed form in L2,wk (iΛ
1) defines a de
Rham cohomology class.
Therefore, there exists a distribution φ ∈ D′(X) on X such that dφ = α. Us-
ing standard regularity theorems, we see that φ ∈ L2k+1,loc(X, iR). By Lemma
5.2 p. 381 in [T1], it follows that φ ∈ L2,wk+1(iΛ0)⊕ iFE, which proves the injec-
tivity of c.
(4) Note first that that the inclusion Im[H1c (X, iR) → H1(X, iR)] ⊂ Im(c)
follows easily using de Rham theorem for cohomology with compact supports.
This inclusion does not need the condition on H1(We,Z), which is only needed
for the opposite inclusion, as we will see below.
Since H1(We,Z) is torsion, we see by an iterated application of Mayer-
Vietoris Theorem, for every end e ∈ E one has
H1(∪0≤i≤kWei ,Z) is torsion
Since homology commutes with inductive limits (see Theorem 4.1.5 p. 162 [Sp]),
we obtain
H1(Ende(X),Z) is torsion
for every e ∈ E. Using the universal coefficients theorem (see [Sp] Theorem 3 p.
243) it follows H1(End(X),R) = 0. Let α ∈ L2,wk (iΛ1) be a closed form on X.
Since H1(End(X),R) = 0, there exists ψ ∈ L2k+1,loc(End(X)) such that
dψ = α|End(X).
Let χ be a smooth cut-off function which is 1 on End2(X) and 0 on X \End1(X)
(see section 2.1 for notations). Then
c([α]) = [α]dR = [α− d(χψ)]dR,
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hence c([α]) is represented by a form with compact support.
Finally, the equality Im [H1c (X, iR) → H1(X, iR)] = H1(X, iR) can be
proved in a similar way, using the same cut-off procedure applied this time
to smooth closed 1-forms on X.
Remark 3.1.2. The condition H1(We,Z) is torsion is stronger than condition
(C) for the end e ∈ E. It is an interesting question to give an explicit topological
interpretation of H1w without this condition on the group H1(We,Z).
3.2 The gauge group
Suppose (X, g) is a manifold with periodic ends. Consider for each end e ∈ E,
ρe to be a smooth function on X as in section 2.4, which is zero outside X≥0e
and 1 in X≥1e .
Definition 3.2.1. Let (X, g) be a Riemannian, Spinc(4), 4-manifold with pe-
riodic ends. Let (Gw,k, ·) be the set
Gw,k =
{
θ ∈ L2k+1,loc(X,C) : |θ| = 1 a.e.
such that θ−1dθ ∈ L2,wk (Λ1X)
}
endowed with the pointwise multiplication and inversion, which gives (Gw,k, ·)
the structure of an Abelian group.
Define now the morphism
p : Gw,k+1 → H1(X, 2piiZ)
by
p(θ) := [θ−1dθ]dR .
Using Cauchy formula it is easy to see that the right hand term defines an ele-
ment of the image of H1(X, 2piiZ) in H1(X, iR)dR. Using the definition of the
gauge group Gw,k+1 we obtain
ker p = exp[L2,wk+1(iΛ
0)⊕ FE], (3.2)
Indeed, supposing θ−1dθ = dα for a smooth function α, we get using Lemma
5.2 of [T1] that α = α¯ +
∑
e∈E ρeαe, for α¯ ∈ L2,wk+1 and suitable constants αe ∈
iR. A simple argument shows that θ is a (constant) multiple of eα. Thus ker p
coincides with the connected component of the gauge group Gw,k+1. Under the
condition H1(We,Z) is torsion for every end e ∈ E (without any other condition
on X) we can prove that p is surjective. More precisely
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Proposition 3.2.2. Let (X, g) be a Riemannian 4-manifold with periodic ends,
such that for every e ∈ E the group H1(We,Z) is torsion.
1. One has a short exact sequence
1 −→ exp[L2,wk+1(iΛ0)⊕ iFE] ↪→ Gw,k+1
p−→ H1(X, 2piiZ) −→ 0,
2. Putting
G := {θ ∈ Gw,k+1| θ−1dθ ∈ H1w},
the restriction pG of p to G gives the short exact sequence
1→ S1 → G pG−→ H1(X, 2piiZ)→ 0.
Proof. (1) By (3.2) we have ker(p) = exp[L2,wk+1(iΛ
0)⊕ iFE], hence it suffices to
prove that p is surjective.
Let a ∈ H1(X, 2piiZ). Let now t ∈ (0,∞) sufficiently large regular value of τ
such that X≥t ⊂ End(X) (see section 2.1). Using again an iterated application
of Mayer-Vietoris exact sequence, the functoriality of the homology functor with
respect to inductive limits and the universal coefficients theorem as in the proof
of Proposition 3.1.1, we obtain H1(End(X),Z) = 0 . It follows that a|X≥t = 0.
Therefore a can be written as 2piiu(b), where
u : H1(X,X≥t,Z)→ H1(X,Z)
is the natural map appearing in the cohomology long exact sequence associated
with the pair (X,X≥t). The point is that this pair is a relative CW complex in
the sense of [Sp]. Since S1 is a K(Z, 1)-space it follows (by Theorem 10 p. 428
[Sp]) that there exists a map of pairs
k : (X,X≥t)→ (S1, 1)
such that k∗({S1}) = b. This map can be regarded as a a continuous map
k : X → S1 which is constant 1 on X≥t. We can find a smooth approximation
f of k which is constant 1 on X≥t+ and is homotopically equivalent to k. We
have obviously f ∈ Gw,k+1 and a = p(f).
(2) Let f ∈ G with p(f) = 0. Using the first exact sequence, it follows that
f can be written as
f = exp(φ),
where φ ∈ L2,wk+1(iΛ0)⊕ iFE. But f ∈ G implies
dφ ∈ H1w,
which, by our Hodge decomposition Theorem (2.4.5) gives dφ = 0, i.e. φ ∈ iR,
which gives f ∈ S1. It remains to prove that the restriction pG := p|G is
still surjects onto H1(X, 2piiZ). For a class a ∈ H1(X, 2piiZ) we obtain as
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above a smooth map f : X → S1 which is constant 1 on X≥t+ and such that
1
2piia = f
∗({S1}). To complete the proof it suffices to find
φ ∈ L2,wk+1(iΛ0)⊕ iFE
such that exp(−φ)f ∈ G. This condition is equivalent to
−dφ+ θ−1dθ ∈ H1.
But θ−1dθ ∈ ker[d+ : L2,wk (iΛ1) → L2,wk−1(iΛ2+)], hence according to our Hodge
decomposition theorem, it belongs to the sum
d(L2,wk+1(iΛ
0)⊕ iFE)⊕H1.
The following lemma will play an important role in the construction of the
Seiberg-Witten map as a map between Hilbert bundles over a torus (see section
1.2).
Lemma 3.2.3. Suppose that H1(We,Z) is a torsion group for every e ∈ E.
Then for a sufficiently large regular value of τ , a ∈ [0,∞), the composition
H1(X
≤a,Z)→ H1(X,Z)→ H1(X,Z)/Tors
is surjective. In particular H1(X,Z)/Tors is finitely generated
Proof. As we have seen in the proof of Lemma 3.2.1 (4), using successively the
Mayer-Vietoris exact sequence and the inductive limit property of the homol-
ogy functor (see Theorem 4.1.5 p. 162 [Sp]), we see that the homology group
H1(End
e(X),Z) is a torsion group for every e ∈ E. The Mayer-Vietoris exact
sequence for the pair (K,End(X)) contains the segment:
H1(K,Z)⊕H1(End(X),Z)→ H1(X,Z)→ H0(N)→ H0(K,Z)⊕H0(End(X),Z),
where N :=
∐
e∈ENe. Note now, that any connected component of N is con-
tained in a connected component of End(X), hence the the right hand morphism
is injective. This shows that the morphism
H1(K,Z)⊕H1(End(X),Z) a→ H1(X,Z)
given by a(x, y) = (iK)∗(x) + (iEnd(X))∗(y) is surjective. Since H1(End(X),Z)
is a torsion group, it follows that the composition
H1(K,Z)
(iK)∗−→ H1(X,Z)→ H1(X,Z)/Tors
is surjective. Let now a ∈ [0,∞) be a sufficiently large regular value of τ such
that K ⊂ X≤a. It suffices to note that the image of H1(K,Z) in H1(X,Z) is
contained in the image of H1(X
≤a,Z) in H1(X,Z).
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Corollary 3.2.4. Suppose that H1(We,Z) is a torsion group for every e ∈ E.
Then
H1(X,Z) = Hom(H1(X,Z)/Tors,Z), H1(X,R) = Hom(H1(X,Z)/Tors,R),
in particular, since H1(X,Z)/Tors is finitely generated by Lemma 3.2.3, it fol-
lows that H1(X,R) = H1(X,Z)⊗ R.
Proof. By the universal coefficients theorem one has
H1(X,Z) = Hom(H1(X,Z),Z) = Hom(H1(X,Z)/Tors,Z)
and similarly for H1(X,R).
Note that the universal coefficients Theorem relating cohomology to homol-
ogy (see Theorem 5.5.3 p. 243 [Sp]) does not assume H∗(X,Z) to be finitely
generated. On the other hand the universal coefficients Theorem relating co-
homology to cohomology (see Theorem 5.5.10 p. 246 [Sp]) does need the
assumption "H∗(X,Z) is finitely generated".
Chapter 4
Coercivity and compactness
4.1 Energy identities
In this first section we let X be a Riemannian 4-manifold with bounded geome-
try, i.e. complete and such that the infima of the injectivity radius is positive and
all the derivatives of the Riemann tensor curvature are bounded in C k for all k.
This is true for a manifold with periodic ends and ensures density of compact
support forms in the usual Sobolev spaces, as explained in [Au].
Theorem 4.1.1. Let (X, g) be a Riemannian manifold with bounded geometry,
then C∞c is dense in L
p
k, and the Sobolev injection theorem hold.
Proof. See Aubin’s [Au], 2.7 and 2.21.
We will refer to this theorem as Aubin-Sobolev. As in [KM1] let (X, g, τ) be
a compact, oriented, Riemannian, Spinc(4), 4-manifold with boundary. For a
smooth pair (A, φ) ∈ A (detQ) × C∞(Σ+), one can define the Seiberg-Witten
map
SW (A,ϕ) = ( /DAϕ,
1
2
ρ(F+A )− (ϕ⊗ ϕ¯)0)
and the following topological energy and analytical energy integrals
E top(A,ϕ) =
1
4
∫
X
FA ∧ FA −
∫
∂X
〈ϕ, /DBϕ〉+
∫
∂X
H
2
|ϕ|2
E an(A,ϕ) =
1
4
∫
X
|FA|2 +
∫
X
|∇Aˆϕ|2 +
1
4
∫
X
(|ϕ|2 + sg
2
)2 −
∫
X
s2g
16
where B is the boundary Spinc connection and H the mean curvature of the
boundary. These verify the identity
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E an(A,ϕ)− E top(A,ϕ) = ‖SW (A,ϕ)‖2L2(X),
which plays an important role in the results obtained in [KM1].
We will need a modified version of this identity which applies to pairs on
non compact manifolds.
Let (X, g, τ) be an oriented Riemannian, Spinc(4), 4-manifold which we sup-
pose connected. Suppose (A,ψ) ∈ A (detQ)×C∞c (Σ+) is a pair with F+A ∈ L2.
Then SW (A,ϕ) also belongs to L2. Using the same arguments as in [KM1]
(based on two applications of Stokes theorem) we obtain the identity
‖SW (A,ϕ)‖2L2 =
1
2
∫
X
|F+A |2 +
∫
X
|∇Aˆϕ|2 +
1
4
∫
X
(|ϕ|4 + sg|ϕ|2).
note that for this identity to hold we don’t need to assume that the integrals
appearing in the definitions of E an and E top converge.
IfA is connection that can be written asA0+v where v is a smooth compactly
supported imaginary 1-form, we have, recalling that for α ∈ iΛk we have |α|2 =
−α ∧ ∗α,
−2|F+A |2 = 2F+A ∧ F+A
= 2FA0 ∧ F+A0 + 2dv ∧ F+A0 + 2FA0 ∧ d+v + dv ∧ dv − |dv|2
= 2F+A0 ∧ F+A0 + 2dv ∧ ∗F+A0 + 2FA0 ∧ ∗d+v + dv ∧ dv − |dv|2
= 2F+A0 ∧ F+A0 − 2(dv, F+A0)− 2(FA0 , d+v) + dv ∧ dv − |dv|2
= 2F+A0 ∧ F+A0 − 4(dv, F+A0) + dv ∧ dv − |dv|2
pointwise. Thus the term 12
∫
X
|F+A |2 can be replaced by 14
∫
X
|dv|2 +4(dv, F+A0)−
1
2
∫
X
F+A0 ∧ F+A0 , where on the right all terms under the integral are compactly
supported.
Remark 4.1.2. Suppose (X, g, τ) is a Riemannian Spinc(4), 4-manifold. Con-
sider a connection A0 ∈ A (det(Q)) which is ASD at infinity, let A = A0 + v
where v ∈ Cc(iΛ1), ϕ ∈ Cc(Σ+). Then putting
E˜ an(A,ϕ) :=
1
4
∫
X
|dv|2 + 4(F+A0 , dv) +
∫
X
|∇Aˆϕ|2 +
1
4
∫
X
|ϕ|4 + sg|ϕ|2,
E˜A0 =
1
2
∫
X
F+A0 ∧ F+A0 ,
we have
E˜ an(A,ϕ)− E˜A0 = ‖SW (A,ϕ)‖2L2 . (4.1)
Our idea is to use this identity in a similar way as the energy identity of
Kronheimer-Mrowka.
We now prove that both these expressions and the identity (4.1), extend to
suitable spaces of Sobolev sections, provided that the underlying Riemannian
manifold (X, g) has bounded geometry.
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Proposition 4.1.3. Let (X, g, τ) be a Riemannian 4-manifold with bounded
geometry endowed with a Spinc(4) structure. Let A0 ∈ A (detQ) be a smooth
connection which is ASD outside a compact set. Then the above energy E˜ an
extends naturally to [A0 + L
2
1(iΛ
1)]× L21(Σ+) as a continuous map.
Proof. It suffices to note that E˜ an can be expanded as a sum of terms which can
be extended continuously to L21 using standard Sobolev embedding theorems
on manifolds with bounded geometry. For instance the expansion of
∫
X
|∇Aˆϕ|2
contains the term
∫
X
Re〈∇A0ϕ, γ(v) · ϕ〉. On the other hand for the trilinear
map (v, ϕ, ψ)→ ∫
X
Re〈∇A0ϕ, γ(v) · ψ〉 verifies the estimate
|
∫
X
Re〈∇A0ϕ, γ(v) · ψ〉| ≤
{∫
X
|∇A0 |2
}1/2{∫
X
|γ(v) · ψ|2}1/2
≤ C‖ϕ‖L21‖v‖L4‖ψ‖L4 ≤ C ′‖ϕ‖L21‖v‖L21‖ψ‖L21 ,
which shows that it extends continuously to L21 × L21 × L21. Here we have used
the bounded embedding L21 ↪→ L4 which, according to [Au] is valid on manifolds
with bounded geometry. The other terms can be handled in a similar way.
Proposition 4.1.4. Suppose we are in the conditions of the Proposition 4.1.3.
Then the map [A0 +Cc(iΛ1)]×Cc(Σ+)→ R given by ‖SW (A,ϕ)‖2L2 , naturally
extends to [A0 + L
2
1(iΛ
1)]× L21(Σ+) as a continuous map.
Proof. Remember that ‖SW (A,ϕ)‖2L2 is given by
‖ /DAˆϕ‖2L2 + ‖F+A − (ϕ⊗ ϕ¯)0‖2L2 . (4.2)
Now if A = A+u then /DAˆ0+uϕ =
/DAˆ0ϕ+
1
2Γ(u)ϕ. Since /DAˆ0ϕ is a contraction
of ∇Aˆ0ϕ, it follows that also that ‖ /DAˆ0ϕ‖L2 is bounded, up to a constant, by
‖∇Aˆ0ϕ‖L2 . The expression Γ(u)ϕ from the inclusion L21 ↪→ L4, that the first
term in (4.2) is a polynomial expression in (u, ϕ) which is continuous with
respect to the L21. The same argument applies to F
+
A − (ϕ⊗ ϕ¯)0 = FA0 + d+v−
(ϕ⊗ ϕ¯)0. The result follows from density smoothly compact supported sections
as above.
Corollary 4.1.5 (Energy Identity). In the conditions of the previous proposi-
tions the following equality holds
E˜ an(A,ϕ)− E˜A0 = ‖SW (A,ϕ)‖2L2
o for all (A,ϕ) ∈ [A0 + L21(iΛ1)]× L21(Σ+).
Proof. It suffices to note that the result holds for smooth compactly supported
sections.
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4.2 The perturbed Seiberg-Witten map
Fix a form η ∈ L2k(iΛ2+), and consider the following perturbation of the Seiberg-
Witten map
SWη(v, ϕ) = ( /DAϕ, F
+
A + η − (ϕ⊗ ϕ¯)0).
Supposing again that (X, g, τ) is an oriented, Riemannian, Spinc(4), 4-manifold
with bounded geometry, and that A0 ∈ A (detQ) is a smooth connection which
is ASD outside a compact set, put
E˜ anη (A,ϕ) :=
1
4
∫
X
|dv|2 + 2|η|2 + 4(F+A0 , dv) + 4(F+A0 , η) + 4(η, dv)+
+
∫
X
|∇Aˆϕ|2 +
1
4
∫
X
|ϕ|4 + sg|ϕ|2 − 1
2
∫
X
〈ϕ, ρX(η)ϕ〉,
E˜A0,η =
1
2
∫
X
F+A0 ∧ F+A0 .
As before, these are R-valued continuous maps on [A0 +L21(iΛ1)]×L21(Σ+). We
have the following energy equality
E˜ anη (A,ϕ)− E˜A0,η = ‖SWη(v, ϕ)‖L2 . (4.3)
Note that, as before, the η-perturbed Seiberg-Witten map and energies are con-
tinuous with respect to η in the L21(iΛ
2
+) topology.
4.3 A weak convergence lemma
From now on we will suppose that (X, g, τ) is a Riemannian, Spinc(4), 4-
manifold with periodic ends such that for every e ∈ E, the following conditions
hold
1. Condition (C) stated in Proposition 2.3.2,
2. b2+(Ye) = 0;
3. sge ≥ 0
4. 〈c1(Le)2, Ye〉 − σ(Ye) = 0, and that
Let A0 ∈ A (detQ) is a smooth connection whose restriction to each end
e ∈ E coincides with the pullback of a connection Ae ∈ A (det(Qe)) verifying
F+Ae = 0
We recall from sections 2.4 and 2.5 that, under these assumptions, the fol-
lowing holds:
1. There exists ε > 0 such that
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(a) For any w ∈ (−, ) the operator ∆+ : L2,wk+3(iΛ2+) → L2,wk+1(iΛ2+) is
Fredholm, its kernel H2+ is independent of w and its image is the
L2-orthogonal complement to H2+ in L
2,w
k+1(iΛ
2
+),
(b) For any w ∈ (0, ) the operator d∗ : L2,wk+1(iΛ2+) → L2,wk (iΛ1) has
closed image, and the restriction of d∗ : L2,wk+1(iΛ
2
+) → L2,wk (iΛ1) to
the L2-orthogonal complement of H2+ is an isomorphism onto this
image.
2. There exists ε > 0 such that the operator /DA0 : L
2,w
k (Σ
+) → L2,wk−1(Σ−) is
Fredholm for all w ∈ (−, ).
Definition 4.3.1. A 4-tuple (X, g, τ, A0) where (X, g, τ) is a Spin
c(4) Rieman-
nian 4-manifold with periodic ends, and A0 ∈ A (detQ) satisfying the above
conditions will be called admissible.
In this section (X, g, τ, A0) will always denote an admissible 4-tuple. We
will consider pairs (A,ϕ) where A has the form A = A0 + v where v ∈ Im [d∗ :
L2,wk+2(Λ
2
+) → L2,wk+1(Λ1)], and where ϕ ∈ L2,wk . Recall from section 2.4 that for
sufficiently small w > 0 we have:
Remark 4.3.2. For any v ∈ Im [d∗ : L2,wk+2(Λ2+)→ L2,wk+1(Λ1)] there is a unique
β ∈ H2+⊥L2L
2,w
k+1(Λ
2
+) = Im [∆+ : L
2,w
k+3(iΛ
2
+)→ L2,wk+1(iΛ2+)] with d∗β = v.
This remark will allows us to make a variable change v = d∗β, which play
an important role in our estimates.
The goal of this chapter is to prove the following:
Theorem 4.3.3. Let (X, g, τ, A0) be an admissible 4-tuple. Suppose that w >
0 is sufficiently small and k ≥ 2. If (vn, ϕn)n∈N is a sequence in Im [d∗ :
L2,wk+1(Λ
2
+)→ L2,wk (Λ1)]× L2,wk (Σ+) such that there exists C > 0 with
‖SW (vn, ϕn)‖L2,wk−1 ≤ C ∀n ∈ N . (4.4)
There exists a subsequence of (vn, ϕn)n∈N which is
1. bounded in L2,wk ,
2. strongly convergent in L2,w¯k−1 for any 0 < w¯ < w.
The proof uses ideas from [KM1] which will be adapted for the new frame-
work of manifolds with periodic ends.
We start with the following
Lemma 4.3.4. Under the assumption, and with the notations above, let (vn, ϕn)n∈N
be a sequence in Im [d∗ : L2,wk+1(Λ
2
+)→ L2,wk (Λ1)]× L2,wk (Σ+), such that
‖SW (vn, ϕn)‖L2,wk−1 ≤ C.
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for a constant C > 0. Then the sequence of quadruples (vn, ϕn,∇Aˆnϕn, |ϕn|2)n∈N,
is bounded in L21×L21×L2×L2, and thus it admits a subsequence which is con-
vergent weakly in L21 × L21 × L2 × L2.
Proof. Since w > 0 and k ≥ 1 it follows from the weighted Sobolev embedding
Theorem for manifolds with periodic ends that the inclusion L2,wk−1 → L2 is con-
tinuous. Therefore the bound (4.30) implies an L2-bound on (SW (vn, ϕn))n∈N.
Provided k ≥ 1 we have the energy identity
E˜ an(An, ϕn) = E˜A0 + ‖SW (An, ϕn)‖2L2
where
E˜ an(An, ϕn) =
1
4
∫
X
|dvn|2 − 4(dvn, F+A0) +
∫
X
|∇Aˆnϕn|2 +
1
4
∫
X
|ϕn|4 + sg|ϕn|2.
From the bound (4.30) it follows that E˜ an(An, ϕn) is bounded too. The sum of
the latter two terms will be written as 14 (|ϕn|2 + sg/2)2 −
s2g
16 on X
≤0 and as it
stands on X≥0. Therefore
E an(An, ϕn) =
1
4
∫
X
|dvn|2 +
∫
X
|∇Aˆnϕn|2 +
1
4
∫
X≤0
(|ϕn|2 + sg
2
)2 −
∫
X≤0
s2g
16
+
∫
X≤0
(−dvn, F+A0) +
1
4
∫
X≥0
|ϕn|4 + sg|ϕn|2
≥ 1
4
∫
X
|dvn|2 +
∫
X
|∇Aˆnϕn|2 +
1
4
∫
X≤0
(|ϕn|2 + sg
2
)2 −
∫
X≤0
s2g
16
−
∫
X
|(−dvn, F+A0)|+
1
4
∫
X≥0
|ϕn|4 + sg|ϕn|2.
Considering  > 0 but less than 14 and using the inequality |〈a, b〉| ≤ ε|a|2 +
Cε|b|2, we get
E an(An, ϕn) ≥ 1
4
∫
X
|dvn|2 +
∫
X
|∇Aˆnϕn|2 +
1
4
∫
X≤0
(|ϕn|2 + sg
2
)2 −
∫
X≤0
s2g
16
−
∫
X≤0
(ε|dvn|2 + Cε|F+A0 |2) +
1
4
∫
X≥0
|ϕn|4 + sg|ϕn|2
≥(1
4
− ε)
∫
X
|dvn|2 +
∫
X
|∇Aˆnϕn|2 +
1
4
∫
X≤0
(|ϕn|2 + sg
2
)2 −
∫
X≤0
s2g
16
−
∫
X
Cε|F+A0 |2 +
1
4
∫
X≥0
|ϕn|4 + sg|ϕn|2.
The integrals of s2g/16 and |F+A0 |2 are independent of n. Since the scalar cur-
vature is nonnegative on X≥0, all other terms are non negative. Thus the bound
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on E˜ an allows us to get bounds on ‖dvn‖2L2(X), ‖∇Aˆnϕn‖2L2(X),
∫
X≤0(|ϕn|2+ sg2 )2
and
∫
X≥0 |ϕn|4. From the latter two it follows using
‖|ϕn|2‖L2(X≤0) ≤ ‖|ϕn|2 + sg/2)‖L2(X≤0) + ‖sg/2‖L2(X≤0),
that ‖ϕ‖L4(X) is bounded too.
Note that the bound on ‖dvn‖2L2(X) does not automatically control ‖vn‖2L2(X).
To bound ‖vn‖2L2(X) we will use Remark 4.3.2 and the Fredholmness ∆+ :
L22(Λ
2
+)→ L2(Λ2+) given by Proposition 2.3.5. Hence from
C ≥ ‖dvn‖L2 ≥ ‖d+vn‖L2 = ‖d+d∗βn‖L2 = ‖∆+βn‖L2
we get
‖βn‖L22(Λ2) ≤ ‖∆+βn‖L2(Λ2)‖ ≤ C, (4.5)
because βn ⊥ kerL22 ∆+, by Remark 4.3.2. From the L22-boundedness of βn we
get the L21-boundedness of vn = d
∗βn.
To complete the proof it remains to bound (ϕn)n in L
2
1.
Using the L2-bound on SW (un, ϕn) we get an L
2-bound on its first compo-
nent /DAˆnϕn. The L
4-bound on ϕn and the inclusion of L
2
1 ↪→ L4 allow us to
get the estimate
‖1
2
Γ(vn)ϕn‖L2 ≤ ‖vn‖L4‖ϕn‖L4 ≤ ‖vn‖L12‖ϕn‖L4 .
Thus we get an L2-bound on
/DAˆ0ϕn =
/DAˆnϕn −
1
2
Γ(un)ϕn.
Now since conditions (2.5.3) hold, the operator /DA0 is Fredholm and thus
‖ϕn‖L21 ≤ ‖ /DA0ϕn‖L2 + ‖ϕn‖L4 .
It follows that ϕn is bounded in L
2
1. This implies that ϕ is bounded in L
4, hence
|ϕ|2 is bounded in L2. In conclusion, the sequence (vn, ϕn,∇Aˆnϕn, |ϕn|2)n is
bounded in L21×L21×L2×L2, hence it admits a weakly converging subsequence.
We note that the previous result (4.3.4) also holds for the η-perturbed Seiberg-
Witten map. The proof follows the same arguments, using Young’s inequality to
deal with some extra terms containing η.
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4.4 A L1loc convergence lemma
We know that (vn, ϕn,∇Aˆnϕn, |ϕn|2)n admits a subsequence which converges
weakly in L21 × L21 × L2 × L2. We will denote by (v∞, ϕ∞, λ∞, µ∞) the weak
L21 × L21 × L2 × L2-limit of this subsequence. In order to save on notations we
will still denote the obtained subsequence by (vn, ϕn,∇Aˆnϕn, |ϕn|2)n.
Lemma 4.4.1. Let (vn, ϕn) be the above subsequence. Then
SW (vn, ϕn)→ SW (v∞, ϕ∞), ∇Anϕn → ∇A∞ϕ∞, |ϕn|2 → |ϕ∞|2 (4.6)
in L1loc.
Proof. Let U be an open subset ofX with smooth boundary and compact closure
and the restriction of (vn, ϕn) to U by (vn, ϕn)|U . By Lemma (4.3.4) (vn, ϕn)
is bounded in L21 and converges weakly in L
2
1 to (v∞, ϕ∞). Thus (vn, ϕn)|U
is bounded in L21(U) and converges weakly in L
2
1(U) to (v∞, ϕ∞)|U in L21(U).
Using Rellich-Kondrashov for compact manifolds with boundary (see [Au] 2.25),
then, passing to a subsequence if necessary, (vn, ϕn)|U converges strongly in
Lp(U), for 1 ≤ p < 4.
Note that, as in (4.1.4), the Seiberg-Witten map can be written as
SW (v, ϕ) = CA0 +D(v, ϕ) +B(v, ϕ).
Here CA0 is a constant term, D a is continuous linear map L
2
1(U) → L2(U)
B : L21(U) → L2(U) is a quadratic polynomial, continuous with respect to the
L21(U) topology. We want to prove that
SW (vn, ϕn)→ SW (v∞, ϕ∞)
in L1loc(U). Since D is linear and continuous, it is L
2
1-weakly continuous. Thus
we only need to focus on the quadratic part. B(v, ϕ) has two components
Γ(v)ϕ and (ϕ ⊗ ϕ¯)0. We first prove that Γ(vn)ϕn → Γ(v∞)ϕ∞ in L1loc. Using
the decomposition
Γ(vn)ϕn − Γ(v∞)ϕ∞ = Γ(vn)(ϕn − ϕ∞) + Γ(vn − v∞)ϕ∞,
it follows, using the L4(U)-bounds on vn and ϕ∞, together with the L4−ε(U)
strong convergence of (vn, ϕn)|U that Γ(vn)ϕn → Γ(v∞)ϕ∞ for L2−ε′(U). A
similar argument holds for both the term (ϕn ⊗ ϕ¯n)0. Therefore the L1loc limit
of SW (vn, ϕn) is SW (v∞, ϕ∞). To prove that ∇Anϕn converges in L1loc to
∇A∞ϕ∞ we use the development ∇Anϕn = ∇A0ϕn + 12Γ(vn)ϕn and the same
method. For proving that, it suffices to recall that |ϕn|2 → |ϕ∞|2 in L1loc, note
that ϕn → ϕ∞ strongly in L4−(U). Thus |ϕn| → |ϕ∞| converges strongly in
L4−(U).
Note that the above results extends to SWη too, using an analogous decom-
position of SWη as a sum of a constant plus a linear plus a quadratic term.
Corollary 4.4.2. Let (λ∞, µ∞) be the weak L2 ×L2-limit of (∇Aˆnϕn, |ϕn|2)n.
Then (λ∞, µ∞) = (∇A∞ϕ∞, |ϕ∞|2).
4.5. A STRONG CONVERGENCE LEMMA 47
4.5 A strong convergence lemma
In this section we will prove that the weakly converging subsequence obtained
in the Section (4.3) has a strongly convergent subsequence. We will make use
of a fundamental result in Functional Analysis.
Recall first that, for a Banach E and and a sequence (xn)n in E which is
weakly convergent to an element x ∈ E we have
lim inf ‖xn‖ ≥ ‖x‖. (4.7)
If now E is a Hilbert space and (xn)n is a sequence in E which is weakly conver-
gent to an element x ∈ E, then the strong convergence, xn → x, is equivalent
to the norm convergence, ‖xn‖ → ‖x‖. A fundamental result of Radon-Riesz
states that the same property holds for the Lp-spaces (see [M] Corollary 5.2.19,
p. 454):
Lemma 4.5.1. Let µ be a positive measure on a σ-algebra Σ of subsets of a
set Ω and 1 < p < ∞. Let (xn)n is a sequence in Lp(Ω,Σ, µ) which converges
weakly to x ∈ Lp(Ω,Σ, µ) and ‖xn‖Lp → ‖x‖Lp , then (xn)n converges strongly
to x in Lp(Ω,Σ, µ)
We are now ready to prove that
Lemma 4.5.2. The above weakly converging subsequence (vn, ϕn)n has a sub-
sequence converging strongly in L21 to (v∞, ϕ∞).
Proof. Since w > 0 and k ≥ 2, the inclusion of weighted Sobolev spaces, L2,wk−1 ↪→
L2 is compact. Using the L2,wk−1-bound on SW (vn, ϕn) (see (4.30)) it follows
that, up to a subsequence, SW (vn, ϕn) converges strongly in L
2 to a limit,
(Φ, ω) ∈ L2. On the other hand, we know from the previous section that
SW (vn, ϕn) converges in L
1
loc to SW (v∞, ϕ∞). Thus (Φ, ω) = SW (v∞, ϕ∞)
(because they coincide as distributions) and SW (vn, ϕn) converges strongly to
SW (v∞, ϕ∞) in L2.
Using the energy identity (4.1.5) it follows that
E˜ an(vn, ϕn)− E˜A0 = ‖SW (vn, ϕn)‖2L2 → ‖SW (v∞, ϕ∞)‖2L2 = E˜ an(v∞, ϕ∞)− E˜A0 ,
and thus,
lim
n→∞ E˜
an(vn, ϕn) = E˜
an(v∞, ϕ∞). (4.8)
From this we prove strong L21-convergence of (vn, ϕn). To do this rewrite the
defining formula for E˜ an(vnϕn) as
1
4
‖dvn‖2L2(X) +
1
4
‖ϕn‖4L4(X>0) +
∫
X>0
sg|ϕn|2 + ‖∇Aˆnϕn‖2L2(X)
+
1
4
‖|ϕn|2 + sg/2‖2L2(X≤0) = E˜ an(vn, ϕn) + 〈dvn, F+A0〉+
∫
X≤0
s2g
16
(4.9)
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Using (4.8) and the weak L21-convergence of (vn, ϕn) it follows that the right
hand side of (4.9) converges to
E˜ an(v∞, ϕ∞) + 〈dv∞, F+A0〉+
∫
X≤0
s2g
16
=
1
4
‖dv∞‖2L2(X) +
1
4
‖ϕ∞‖4L4(X>0)
+
∫
X>0
sg|ϕ∞|2 + ‖∇Aˆ∞ϕ∞‖2L2(X) +
1
4
‖|ϕ∞|2 + sg/2‖2L2(X≤0).
(4.10)
Therefore
lim
n→∞
(
1
4
‖dvn‖2L2(X) +
1
4
‖ϕn‖4L4(X>0) +
∫
X>0
sg|ϕn|2 + ‖∇Aˆnϕn‖2L2(X)
+
1
4
‖|ϕn|2 + sg/2‖2L2(X≤0)
)
=
1
4
‖dv∞‖2L2(X) +
1
4
‖ϕ∞‖4L4(X>0),
+
∫
X>0
sg|ϕ∞|2 + ‖∇Aˆ∞ϕ∞‖2L2(X) +
1
4
‖|ϕ∞|2 + sg/2‖2L2(X≤0).
(4.11)
Recalling that we assumed sg ≥ 0 on X>0 and given the bounds of Lemma
(4.3.4), it follows that the sequence formed by the five terms on the left belongs
to a compact parallelepiped in R5≥0. Hence we can find a subsequence (nk)k of
N such that the five sequences
(‖dvnk‖2L2(X))k) , (14‖ϕnk‖4L4(X>0))k, (‖√sgϕnk‖2L2(X>0))k(‖∇Aˆnkϕnk‖2L2(X))k, (14‖|ϕnk |2 + sg/2‖2L2(X≤0))k
(4.12)
converge simultaneously.
On the other hand, using (4.7) and the weak convergences given by Lemma
(4.3.4), we obtain
lim
(‖dvnk‖2L2(X))k) ≥ ‖dv∞‖2L2(X), lim (14‖ϕnk‖4L4(X>0))k ≥ 14‖ϕ∞‖4L4(X>0),
lim
(‖√sgϕnk‖2L2(X>0))k ≥ ‖√sgϕ∞‖2L2(X>0),
lim
(‖∇Aˆnkϕnk‖2L2(X))k ≥ ‖∇Aˆ∞ϕ∞‖2L2(X),
lim
(1
4
‖|ϕnk |2 + sg/2‖2L2(X≤0)
)
k
≥ 1
4
‖|ϕ∞|2 + sg/2‖2L2(X≤0).
(4.13)
Combining with (4.11), we see that all the inequalities above are equalities.
Therefore by the Radon-Riesz theorem (4.5.1) we obtain strong convergences,
dvnk →L2(X) dv∞, ϕn →L4(X>0) ϕ∞, ∇Aˆnϕn,→L2(X) ∇Aˆ∞ϕ∞,
|ϕnk |2 + sg/2→L2(X≤0) |ϕ∞|2 + sg/2
(4.14)
4.6. COERCIVITY 49
Using Remark 4.3.2 and the L2-convergence of dvnk → dv∞, it follows that
‖∆+(βnk − β∞)‖L2 = ‖d+d∗(βnk − β∞)‖L2 = ‖d+(vnk − v∞)‖L2 → 0.
This together with the estimate
‖βnk − β∞‖L22 ≤ ‖∆+(βnk − β∞)‖L2 + ‖piker ∆+(βnk − β∞)‖L2
proves as in (4.5), shows that vn → v∞ strongly in L21.
Boundedness of sg in X
≤0, and the convergence of |ϕnk |2 + sg/2→ |ϕ∞|2 +
sg/2 in L
2(X≤0), imply that |ϕnk |2 → |ϕ∞|2 in L2(X≤0). This with the
L4(X≥0)-convergence of ϕnk → ϕ∞ , proves that ϕnk → ϕ∞ in L4(X).
From the L2-convergence of ∇Aˆnkϕn → ∇Aˆ∞ϕ∞, it follows that
∇Aˆ0ϕnk +
1
2
Γ(unk)ϕnk → ∇Aˆ0ϕ∞ +
1
2
Γ(u∞)ϕ∞
in L2. Therefore to prove that ∇Aˆ0ϕnk → ∇Aˆ0ϕ∞ in L2 it is enough to prove
that Γ(vnk)ϕnk → Γ(v∞)ϕ∞ in L2. This follows from the strong convergence
of nk → v∞ in L21 together with Aubin-Sobolev L21 ↪→ L4, and the strong
convergence ϕnk → ϕ∞ in L4. Since that /DAˆ0 is Fredholm and is a contraction
of ∇Aˆ0 we have
‖ϕnk − ϕ∞‖L21 ≤ C‖ /DAˆ0(ϕnk − ϕ∞)‖L2 + C‖ϕnk − ϕ∞‖L4
≤ C‖∇Aˆ0(ϕnk − ϕ∞)‖L2 + C‖ϕn − ϕ∞‖L4
And thus ϕnk → ϕ∞ in L21.
4.6 Coercivity
We arrive to the main theorem of this section
Theorem 4.6.1. Let (X, g, τ, A0) be an admissible 4-tuple. Suppose that w > 0
and k ≥ 2. Let (vn, ϕn)n∈N be a sequence in
Im [d∗ : L2,wk+1(Λ
2
+)→ L2,wk (Λ1)]× L2,wk (Σ+)
such that there exists C > 0 with
‖SW (vn, ϕn)‖L2,wk−1 ≤ C ∀n ∈ N . (4.15)
1. There exists a subsequence of (vn, ϕn)n∈N which is bounded in L
2,w
k ,
2. For any λ ∈ (0, w) there exists a subsequence of (vn, ϕn)n∈N which is
strongly convergent in L2,λk−1.
Note: In the following proof all irrelevant constants will be denoted by C.
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Proof.
Step 1. For any λ ∈ (0, w) the sequence (vn, ϕn)n∈N has a subsequence which
converges strongly in L3,λ1 .
We start noting that SW (v, ϕ) can be written as
SW (v, ϕ) = CA0 +D(v, ϕ) + (v, ϕ)](v, ϕ). (4.16)
where CA0 is a constant, D = (d
+, DA0) is a Fredholm operator (for sufficiently
small weights w) and ] is a continuous symmetric bilinear operator.
According to (4.5.2) the sequence (vn, ϕn)n has a subsequence (vni , ϕni)i
which is strongly convergent in L21. Put (γi)i := (vni , ϕni)i to save on notations,
and let i0 ∈ N. It follows from (4.16) that
D(γi − γj) = SW (γi)− SW (γj) + γj]γj − γi]γi = SW (γi)− SW (γj)
+ (γj − γi)](γj + γi − 2γi0) + (γj − γi)]2γi0 .
(4.17)
Let λ ∈ (0, w). We prove that (γi)i has a converging subsequence in L3,λ1 . Given
 > 0 choose i ∈ N such that for all i ≥ i the inequality ‖γi− γj‖L21 ≤  holds.
Since D is Fredholm (for sufficiently small weights) there is a constant C > 0,
such that
‖γi − γj‖L3,λ1 ≤ C(‖D(γi − γj)‖L3,λ + ‖γi − γj‖L21). (4.18)
Hence, using (4.17), we have
‖γi − γj‖L3,λ1 ≤ C(‖D(γi − γj)‖L3,λ + ‖γi − γj‖L21)
≤ C‖SW (γi)− SW (γj)‖L3,λ + C‖(γj − γi)](γj + γi − 2γi)‖L3+
+ C‖(γj − γi)]2γi‖L3,λ + C‖γi − γj‖L21
(4.19)
for suitable positive constants C (independent of the sequence). Using the
continuous Sobolev multiplication L3,λ1 × L4 → L3,λ (which follows from the
Sobolev embedding L3,λ1 → L12,λ), together with the Aubin-Sobolev continuous
inclusion L21 ↪→ L4, it follows that for i, j ≥ i one has
‖(γj − γi)](γj + γi − 2γi)‖L3,λ ≤ C‖γj − γi‖L3,λ1 ‖γj + γi − 2γi‖L4
≤ C‖γj − γi‖L3,λ1 ‖γj + γi − 2γi‖L21
≤ 2C‖γj − γi‖L3,λ1 ,
(4.20)
and
‖(γj − γi)]2γi‖L3,λ ≤ C‖γi‖L3,λ1 ‖γi − γj‖L4
≤ C‖γi‖L3,λ1 ‖γi − γj‖L21
(4.21)
(because γi ∈ L2,wk ↪→ L3,λ1 , for k ≥ 2). Using (4.19), we have
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‖γi − γj‖L3,λ1 ≤ C‖SW (γi)− SW (γj)‖L3,λ + 2C‖γi − γj‖L3,λ1
+ C‖γi − γj‖L21‖γi‖L3,λ1 + C‖γi − γj‖L21 .
(4.22)
for all i, j ≥ i, where C is a constant which depends only the Riemannian
manifold (X, g), in particular independent of . Now choose  such that 2C = 12
and move the second right hand term in (4.22) to the left hand side. We get
the estimate
1
2
‖γi − γj‖L3,λ1 ≤ C‖SW (γi)− SW (γj)‖L3,λ + C‖γi − γj‖L21 .‖γi‖L3,λ1
+ C‖γi − γj‖L21 .
(4.23)
for any i, j ≥ i. Now the L2,wk−1-bound of SW (γl), together with the compact
embedding (for w > λ and k ≥ 2), L2,wk−1 ↪→ L3,λ, imply that (γi)i has a
subsequence, still denoted in the same way, such that SW (γi) converges strongly
in L3,λ. Then (4.23) shows that (γi)i is a Cauchy sequence in L
3,λ
1 , hence it is
convergent.
Step 2. We prove that the subsequence (γi)i obtained in Step 1 is bounded in
L2,w2 .
We follow the same arguments as before. SinceD is Fredholm (for sufficiently
small weights), there is a constant C > 0 (independent of the sequence), such
that
‖γi − γj‖L2,w2 ≤ C(‖D(γi − γj)‖L2,w1 + ‖γi − γj‖L3,λ1 ).
Given  choose k ∈ N such that for all i, j ≥ k the inequality ‖γi− γj‖L3,λ1 ≤ 
holds. Then, using (4.17), we have for all i, j ≥ k
‖γi − γj‖L2,w2 ≤ C(‖D(γi − γj)‖L2,w1 + ‖γi − γj‖L3,λ1 )
≤ C‖SW (γi)− SW (γj)‖L2,w1 + C‖(γj − γi)](γj + γi − 2γk)‖L2,w1 +
+ C‖(γj − γi)]2γk‖L2,w1 + C‖γi − γj‖L3,λ1 .
(4.24)
The continuous Sobolev multiplication L2,w2 ×L3,λ1 → L2,w1 (which follows from
both embeddings L2,w2 → L4,w1 and L3,λ1 → L12,λ) implies that, for all i, j ≥ k
‖(γj − γi)](γj + γi − 2γk)‖L2,w1 ≤ C‖γj − γi‖L2,w2 ‖γj + γi − 2γk‖L3,λ1
≤ 2C‖γj − γi‖L2,w2 ,
and
‖(γj − γi)]2γk‖L2,w1 ≤ C‖γk‖L2,w2 ‖γi − γj‖L3,λ1
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(because γk ∈ L2,wk ↪→ L2,λ2 , for k ≥ 2). Using (4.24), we have
‖γi − γj‖L2,w2 ≤ C‖SW (γi)− SW (γj)‖L2,w1 + 2C‖γi − γj‖L2,w2
+ C‖γi − γj‖L3,λ1 ‖γk‖L2,w1 + C‖γi − γj‖L3,λ1
(4.25)
where C is a constant which depends only the Riemannian manifold (X, g), in
particular independent of . Now, as before, choose  such that 2C = 12 and
move the second right hand term in (4.25) to the left hand side. We get the
estimate
1
2
‖γi − γj‖L2,w2 ≤ C‖SW (γi)− SW (γj)‖L2,w1
+ C‖γk‖L2,w1 ‖γi − γj‖L3,λ1 + C‖γi − γj‖L3,λ1
(4.26)
for all i, j ≥ k. Since ‖SW (γj)‖L2,w1 is bounded and (γi)i is Cauchy in L
3,λ
1 , it
follows that (γi)i is bounded in L
2,w
2 .
Step 3. Supposing k ≥ 3, we prove that the subsequence obtained in Step 1,
(γi)i, has itself a subsequence converging strongly in L
2,λ
2 .
We follow the same arguments. Since D is Fredholm, there is a constant
C > 0 (independent of the sequence), such that
‖γi − γj‖L2,λ2 ≤ C(‖D(γi − γj)‖L2,λ1 + ‖γi − γj‖L3,λ1 ).
Given  choose l ∈ N such that for all i, j ≥ l the inequality ‖γi − γj‖L3,λ1 ≤ 
holds. Then, using (4.17), we have for all i, j ≥ l
‖γi − γj‖L2,λ2 ≤ C(‖D(γi − γj)‖L2,λ1 + ‖γi − γj‖L21)
≤ C‖SW (γi)− SW (γj)‖L2,λ1 + C‖(γj − γi)](γj + γi − 2γl)‖L2,λ1 +
+ C‖(γj − γi)]2γl‖L2,λ1 + C‖γi − γj‖L3,λ1 .
(4.27)
The continuous Sobolev multiplication L2,λ2 × L3,λ1 → L2,λ1 (which follows from
both embeddings L2,λ2 → L4,λ1 and L3,λ1 → L12,λ) implies that
‖(γj − γi)](γj + γi − 2γl)‖L2,λ1 ≤ C‖γj − γi‖L2,λ2 ‖γj + γi − 2γl‖L3,λ1
≤ 2C‖γj − γi‖L2,λ2 ,
and also
‖(γj − γi)]2γl‖L2,λ1 ≤ C‖γl‖L2,λ2 ‖γi − γj‖L3,λ1
(because γl ∈ L2,wk ↪→ L2,λ2 , for k ≥ 2. Using (4.27), we have
‖γi − γj‖L2,λ2 ≤ C‖SW (γi)− SW (γj)‖L2,λ1 + 2C‖γi − γj‖L2,λ2
+ C‖γi − γj‖L3,λ1 ‖γl‖L2,λ1 + C‖γi − γj‖L3,λ1
(4.28)
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where C is a constant which depends only the Riemannian manifold (X, g), in
particular is independent of . Now, as before, choose  such that 2C = 12 and
move the second right hand term in (4.28) to the left hand side. We get the
estimate
1
2
‖γi − γj‖L2,λ2 ≤ C‖SW (γi)− SW (γj)‖L2,λ1
+ C‖γl‖L2,λ2 + C‖γi − γj‖L3,λ1 ,
(4.29)
Now the L2,wk−1-bound of SW (γl), together with the compact inclusion (for k ≥ 3)
L2,wk−1 ↪→ L2,λ1 , imply that (γi)i has a subsequence, still denoted the same way,
such that SW (γi) converges strongly in L
2,λ
1 . Then from (4.29), it follows that
(γi)i is a Cauchy sequence in L
2,λ
2 , hence it is convergent in L
2,λ
2 .
Step 4. Let (γi)i be a sequence converging strongly in L
2,λ
k−1. Suppose that
‖SW (γi)‖L2,wk ≤ C for all i ∈ N. Then (γi)i is bounded in L
2,w
k .
The proof of this statement follows the same lines as Step 2, i.e., the decom-
position (4.17), Fredholmness of D, the Sobolev multiplication L2,wk × L2,λk−1 →
L2,wk−1 but in the final step, it uses only the L
2,w
k -bound on SW (γi), instead of a
compact inclusion argument.
Step 5. Let (γi)i be a sequence converging strongly in L
2,λ
s−1. Suppose that
‖SW (γi)‖L2,ws ≤ C for all i ∈ N. Then (γi)i has a subsequence converging
strongly in L2,λs .
This statement is proven using the same arguments as Step 3, namely, the
decomposition (4.17), Fredholmness of D, the continuous Sobolev multiplication
L2,λs × L2,λs−1 → L2,λs−1 and, finally, the L2,ws -bound on SW (γi) together with the
compact inclusion L2,ws → L2,λs−1.
Now we come back to the proof of Theorem 4.6.1:
1. For k = 2 the claim is proved in Step 2. k ≥ 3 we use recursively Step 5,
and then Step 4.
2. For k = 2 the claim follows from Step 1, taking into account that L3,λ1 is
continuously embedded in L2,λ1 . For k = 3 this is Step 3, and for k ≥ 3 we use
recursively Step 5.
Remark 4.6.2. A similar proof to the one before holds for the perturbed Seiberg-
Witten equation.
Corollary 4.6.3. Suppose we are in the conditions of Theorem 4.6.1.
If (ψ, χ) ∈ L2,w+εk+1 (Σ−)× L2,w+εk+1 (Herm0(Σ+)), then the fiber{
(v, φ) ∈ d∗(L2,wk+1(iΛ2+))× L2,wk (Σ+)| SW (A0 + v, φ) = (ψ, χ)
}
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is compact in L2,wk .
In the next section we will see that (adding to admissibility the technical
condition H1(We,Z) is torsion for any end e) the Seiberg-Witten map induces
a map between Hilbert bundles over the torus B := iH1(X,R)/H1(X, 2piiZ).
Theorem 4.6.1 gives the fiberwise coercivity of this map. The global coercivity
is given by the following simple generalization of Theorem 4.6.1, which can be
proved following step by step the same arguments:
Theorem 4.6.4. Let (X, g, τ, A0) be an admissible 4-tuple. Suppose that w > 0
and k ≥ 2. Fix a compact set Π ⊂ H1w
Let (vn, hn, ϕn)n∈N be a sequence in
Im [d∗ : L2,wk+1(Λ
2
+)→ L2,wk (Λ1)]×Π× L2,wk (Σ+)
such that there exists C > 0 with
‖SW (vn + hn, ϕn)‖L2,wk−1 ≤ C ∀n ∈ N . (4.30)
1. There exists a subsequence of (vn, ϕn)n∈N which is bounded in L
2,w
k ,
2. For any λ ∈ (0, w) there exists a subsequence of (vn, ϕn)n∈N which is
strongly convergent in L2,λk−1.
The compactness of the Seiberg-Witten moduli space follows from
Corollary 4.6.5. Suppose we are in the conditions of Theorem 4.6.4.
If (ψ, χ) ∈ L2,w+εk+1 (Σ−)× L2,w+εk+1 (Herm0(Σ+)), then the fiber{
(v, h, φ) ∈ d∗(L2,wk+1(iΛ2+))×Π× L2,wk (Σ+)| SW (A0 + v, φ) = (ψ, χ)
}
is compact in L2,wk .
Chapter 5
Cohomotopy invariants
5.1 Cohomotopy invariants
We will follow the formalism introduced in [OT1] (sections 3.1 and 3.3). Let E
andF be a pair of Hermitian Hilbert vector bundles over B a compact Hausdorff
space and let V and W be a pair of real Hilbert vector spaces. Note that there
is a natural S1-action on E × V and F ×W .
Suppose µ : E × V → F ×W is an S1-equivariant map over B such that
1. µ is fiberwise differentiable at the origin of each fiber with its fiberwise
differential continuous on E × V ,
2. the fiberwise differentials at the origin
Db = d0bµb : Eb × V → Fy ×W
are Fredholm, and that the linear operator Db has the form Db = (Ξb, Lb),
where Ξb : Eb → Fb and Lb : V → W , are the Fredholm maps defined by
the derivatives of the restrictions µ|Eb×0V
and µ|
0E
b
×V
.
Note that Ξ defines a family of complex operators over B, and, therefore, deter-
mines a class ind(Ξ) ∈ K(B).
Definition 5.1.1. An S1-equivariant map µ : E × V → F × W over B,
verifiying conditions 1) and 2) above, is said to be
1. coercive, if for every c > 0, there exists Cc > 0, such that any (e, v) ∈
E × V with ‖µ(e, v)‖ ≤ c has to verifiy ‖(e, v)‖ ≤ Cc,
2. admissible if, moreover, the following holds:
(a) There is an orthogonal decomposition W = H⊕W0, where H is finite
dimensional subspace and µ(0Eb , v) = κ(b) + L(v). Here L : V → W0
induces a linear isometry and κ : B → H is nowhere vanishing map
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(b) The above map κ : B → H ⊆ W is nowhere vanishing on B. (Existing
then  such that ‖κ(b)‖ = ‖piHµ(0Eb , v)‖ ≥ 0.)
(c) µ−D is compact i.e. for every R > 0 the image
Im[µ−D : DiskR(E × V )→ F ×W ]
is relatively compact in the total space F ×W .
In [OT1] the authors construct a graded cohomotopy group α∗(ind(Ξ)) and,
in the presence of a admissible map µ, and invariant
{µ} ∈ αdim(H)−1(ind(Ξ)).
5.2 The Seiberg-Witten cohomotopy map
Let (X, g, τ, A0) be an admissible 4-tuple such thatH1(We,Z) is torsion for every
end e ∈ E.
Following the ideas explained in section 1.2 put
A0 := A0 +H1w .
In section 3.2, we introduced the group
G := {θ ∈ Gw,k+1| θ−1dθ ∈ H1w},
which fits the short exact sequence
0→ S1 → G→ H1(X, 2piiZ)→ 0.
Fix a point x0 ∈ X and let Gx0 ' H1(X, 2piiZ) be the kernel of the evalua-
tion map
evx0 : G→ S1.
The group Gx0 acts freely on A0 and the quotient A0/Gx0 can be identified
with the quotient H1w/Gx0 . Using Proposition 3.2 (4) we see that this quotient
can be identified with H1(X, iR)/H1(X, 2piiZ). By Corollary 3.2.4, the group
H1(X, 2piiZ) is a lattice in the finitely dimensional vector spaceH1(X, iR). Note
that, although very natural, this statement is not at all obvious. Therefore the
free quotient
B := A0/G0
is a torus of dimension dim(H1(X, iR)). We put now as in section 1.2
E = A0 ×Gx0 L
2,w
k (Σ
+) V = Im [d∗ : L2,wk+1(Λ
2
+)→ L2,wk (Λ1)]
F = A0 ×Gx0 L
2,w
k−1(Σ
−) W = L2,wk (iΛ
2
+) ,
and we see that E ,F are Hilbert bundles over the torus B and that the Seiberg-
Witten map SW induces an S1-equivariant bundle map
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V × E - W ×FµSW
J
J^
B



fl
(5.1)
over the torus B.
Our main result Theorem 4.6.4 shows that
Theorem 5.2.1. Let (X, g, τ, A0) be an admissible 4-tuple, such that H1(We,Z)
is torsion for every end e ∈ E. Then the Seiberg-Witten µSW over the torus B
is coercive.
Remark 5.2.2. The same property holds for the perturbed Seiberg-Witten map
µSWη . Moreover, assuming dim(H
+
2 ) > 0, then µSWη is admissible for a generic
perturbation η. Therefore a cohomotopy invariant {µSWη} can be defined.
Note however that a priori this invariant might depend on η, A0, g and even
on the fixed periodic end structure on X. The dependence of {µSWη} in these
parameters will be studied in a future work.
58 CHAPTER 5. COHOMOTOPY INVARIANTS
Appendix A
Lemma A.0.1. Suppose (X, g) is an oriented 4 manifold with bounded geome-
try. Then the composition I : L21(Λ
1)× L21(Λ2)→ L1(Λ4)→ R given by
I(u, v) =
∫
X
du ∧ v − u ∧ dv
is identically zero.
Proof. The result is trivial for smooth forms with compact support, hence it
follows for general forms by continuous bilinearity of I together with the density
of the space of smooth forms with compact support.
Lemma A.0.2. Suppose (X, g) is an oriented 4-manifold with bounded geome-
try. Then d : L22(Λ
1)→ L21(iΛ2) and d+ = piΛ2+ ◦ d. Then ker d+ = ker d.
Proof. Let α ∈ L22(iΛ1) be such that d+α = 0. Then β = dα ∈ L21(iΛ1) is a self
dual 2-form. By the previous lemma we have
0 =
∫
X
dα ∧ β − α ∧ dβ =
∫
X
β ∧ β
=
∫
X
β ∧ ∗β = ‖β‖2L2 .
Theorem A.0.3. Let (X, g) be a Riemannian manifold with periodic ends of
dimension n . Suppose that
1. k − k¯ ≥ n/p− n/p¯ ,
2. k ≥ k¯ ≥ 0 and either
3. 1 < p ≤ p¯ <∞ with w¯ ≤ w or
4. 1 < p¯ < p <∞ with w¯ < w.
Then there is a continuous embedding Lp,wk (E)→ Lp¯,w¯k¯ (E).
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Proof. This follows along the lines of the proof of lemma 7.2 in [LM], page 435
(see also 3.10 in [L], page 14).
Theorem A.0.4. Let (X, g) be a Riemannian manifold with periodic ends of
dimension n . Suppose that
1. k − k¯ > n/p− n/p¯ ,
2. k > k¯ ≥ 0 and
3. w¯ < w.
Then the embedding Lp,wk (E)→ Lp¯,w¯k¯ (E) is compact.
Proof. This follows along the lines of the proof of theorem 3.12 in [L], page
15.
Corollary A.0.5. Let (X, g) be a Riemannian 4-manifold with periodic ends.
Then for w¯ < w and k ≥ 1 we have the following compact injections
L2,wk ↪→ L3,w¯k−1
L2,wk ↪→ L2,w¯k−1
L2,wk ↪→ L2,w¯k−1
Proposition A.0.6. (X, g) be a Riemannian manifold with periodic ends. The
following continuous Sobolev multiplications hold:
L4,a × L3,b1 → L3,a+b
L2,a2 × L3,b1 → L2,a+b1
L2,a3 × L2,b2 → L2,a+b2
Proof. It is sufficient to prove the above inclusions without the weights.
1) L4 × L31 → L3
From (A.0.3), we have L21 ↪→ L4 and L31 ↪→ L12. From Ho¨lder and the
equality 1/4 + 1/12 = 1/3 it follows
‖uv‖L3 ≤ ‖u‖L4‖v‖L12 ≤ ‖u‖L21‖v‖L31
2) L22 × L31 → L21
From (A.0.3), we have L22 ↪→ L41 ∩ L6 and L31 ↪→ L4. It follows
∇(uv) = ∇u · v + u · ∇v ∈ L2
using ∇u ∈ L4 and v ∈ L4 , u ∈ L6 and ∇v ∈ L3. From u ∈ L6 and v ∈ L3 it
follows uv ∈ L2
3) L23 × L22 → L22
Follows similarly.
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